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Abstract

Parallel implementations of genetic algorithms (GAs) are common,

and, in most cases, they succeed to reduce the time required to �nd ac-

ceptable solutions. However, the e�ect of the parameters of parallel GAs

on the quality of their search and on their e�ciency are not well under-

stood. This insu�cient knowledge limits our ability to design fast and

accurate parallel GAs that reach the desired solutions in the shortest

time possible. The goal of this dissertation is to advance the understand-

ing of parallel GAs and to provide rational guidelines for their design.

The research reported here considered three major types of parallel GAs:

simple master-slave algorithms with one population, more sophisticated

algorithms with multiple populations, and a hierarchical combination of

the �rst two types. The investigation formulated simple models that

predict accurately the quality of the solutions with di�erent parameter

settings. The quality predictors were transformed into population-sizing

equations, which in turn were used to estimate the execution time of the

algorithms. The primary tradeo� between decreasing computations and

increasing communications was identi�ed, and it was used to �nd the op-

timal con�guration of each algorithm that minimized the execution time.

The investigation is mainly theoretical, but experimental evidence using

test functions of varying di�culty is included to illustrate the accuracy

of the theory. The results of this investigation enable practitioners to de-

termine what algorithm is the most bene�cial for their particular domain

and to allocate the resources available in the most e�cient manner.
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Chapter 1

Introduction

To solve some problems, genetic algorithms (GAs) may require hundreds or thousands

of function evaluations. Depending on the cost of each evaluation, the GA may take

days, months, or even years to �nd an acceptable solution. Fortunately, GAs work

with a population of independent solutions, which makes it easy to distribute the

computational load among several processors. For a long time, the parallel nature

of genetic algorithms has been recognized, and many have successfully used parallel

GAs to reduce the time required to reach adequate solutions to complex problems.

Indeed, some could say that GAs are \embarrassingly parallel" programs, and

that it is trivial to make fast parallel GAs. But despite their operational simplicity,

parallel GAs are complex non-linear algorithms that are controlled by many param-

eters that a�ect the quality of their search and their e�ciency.

In particular, the design of parallel GAs involves choices such as using one popula-

tion or multiple populations. In both cases, the size of the population or populations

must be determined carefully, and when multiple populations are used, one must

decide how many to use. In addition, the populations may remain isolated or they

may communicate by exchanging individuals. Communication involves extra costs

and additional decisions on topologies, on how many individuals are exchanged, and

on the frequency of communications.

Traditionally, these parameters are set by systematic experimentation or are

found just by chance. The problem with these approaches is that they often result in

a waste of computing resources or in an inadequate search quality, and practitioners

1



may regard parallel GAs as being impractical or unreliable.

The goal of this investigation is to go beyond this ad hoc tuning of parameters, and

provide guidelines to choose their values rationally. The result are e�cient parallel

GAs that consistently reach solutions of high quality.

The research methodology combines theory and experiments to develop equations

that capture the e�ect of the parameters on the speed and quality of the algorithm.

However, this study does not develop exact models of every facet of (parallel) genetic

algorithms, because exact and complete models would probably be too di�cult to

use, and therefore would have little practical signi�cance. Instead, the intention is

to create small easy-to-calibrate models that serve as a solid basis to design parallel

GAs.

The research focuses on sizing the populations correctly, because previous studies

have shown that the size of the population greatly determines the quality of the

search (Goldberg, Deb, & Clark, 1992; Harik, Cant�u-Paz, Goldberg, & Miller, 1997)

and its duration (Goldberg & Deb, 1991).

1.1 Organization

This dissertation is organized in three parts, which correspond to the decomposition

used in the research. The basic approach in each part is to determine �rst how the

con�guration of the algorithm a�ects the quality of the solutions. Then, the models of

quality are transformed into population-sizing equations that incorporate the domain-

dependent parameters of interest. Finally, the primary tradeo�s are identi�ed and

used to optimize the execution time of the algorithms.

The �rst part of the dissertation studies GAs with a single population. Chap-

ter 2 presents an accurate model that relates the population size and the problem

di�culty with the solution quality of a simple GA. The model is built by making an

analogy between selection in GAs and biased random walks. It integrates previous
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knowledge about correct decision-making at the building block level with knowledge

of the expected number of building blocks in the initial random population.

Chapter 3 shows how to parallelize GAs using a simple master-slave algorithm.

The analysis shows how to minimize the execution time, but most importantly, it

gives a lower bound on the acceptable performance of parallel GAs. Other parallel

GAs should perform better than the simple case examined there.

Most of this project focuses on multi-population algorithms, because they are the

most popular, the most complex, and potentially the most e�cient, because they

require fewer communications than the master-slave. However, to design multiple-

deme parallel GAs one must face di�cult and interrelated choices. The three main

problems are to determine (1) the size and the number of demes (subpopulations), (2)

the topology that interconnects the demes, and (3) the migration rate that controls

how many individuals migrate.

It is di�cult to study all these problems at once, and therefore, the second part

of the dissertation considers two bounding cases of multi-population GAs. In the

�rst case the populations evolve in complete isolation, which is a lower bound on

the migration rate and on the connectivity between the demes. The upper bound

occurs when the demes are fully connected and they exchange a maximum number of

individuals. The goal of the investigation of bounding cases is to make some progress

on the deme-sizing issue without ignoring the topology and migration rates. Usu-

ally, practitioners would not use these extreme cases (especially the fully connected

topology), but the analysis sheds some light on the intermediate con�gurations, and

establishes the methodology that will be used later.

The study of bounding cases spans three chapters. Chapter 4 shows how to

extend the model for the simple GA to predict the expected quality for each bounding

case. The analysis reveals that the size of the parallel demes may be reduced, while

maintaining a constant target solution quality. The reduction in the deme sizes

results in shorter execution times. Chapter 5 quanti�es the gains in performance,
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and shows that there is an optimal con�guration that minimizes the execution time.

This chapter also discusses the controversial claims of superlinear speedups in parallel

GAs, and explains possible causes for the reduction of the total work performed by

the parallel populations. Chapter 6 uses Markov chains to analyze the long-term

behavior of communicating demes. Initially, it studies the fully connected case, and

it shows the e�ect of varying the migration rate on the quality of the solutions.

Chapter 6 also introduces the �rst model for intermediate topologies, which are

the topic of the third part of the dissertation. This �rst model is very accurate, but

it requires considerable computations, and therefore may not be practical to study

large numbers of demes. Nevertheless, the model shows that the topology and the

migration rate greatly in
uence the solution quality, and it is used to verify the

accuracy of the simpler models derived in the next chapter.

Chapter 7 builds simple approximate models that capture the e�ects of the topol-

ogy and migration rate on the quality and cost of multi-deme GAs. Those models are

then used to �nd the settings for the communication parameters that minimize the

execution time. This chapter also shows that an optimally-con�gured fully-connected

topology may competitive, because it uses few demes to obtain substantial time re-

ductions.

At this point, the dissertation has investigated the bene�ts of master-slave and

multiple-deme parallel GAs. Practitioners may use the theory presented in the dis-

sertation to determine what algorithm delivers the greatest bene�t for their problem.

However, the choice is not so straightforward because master-slaves and multiple-

deme GAs may be combined into hierarchical algorithms that combine the bene�ts

of their components. Chapter 8 describes how to allocate the available processors

between demes and slaves to minimize the overall execution time. This chapter also

contains a complete step-by-step example that illustrates how to determine the op-

timal con�guration of a parallel GA for a particular problem domain and hardware

environment.
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Finally, chapter 9 contains a summary of the results, recommendations for further

research, and the conclusions of this study.
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Chapter 2

The Gambler's Ruin Problem and the

Sizing of Populations

The population of a genetic algorithm is formed by individuals with arti�cial chro-

mosomes that encode solutions of a problem that we want to solve. Each individual

is evaluated to determine how well it solves the problem, and the best solutions are

selected to recombine with others. The basic mechanism in GAs is Darwinian evo-

lution: good traits survive and mix to form new|and possibly better|individuals,

while selection eliminates the bad traits from the population.

The notion of `good' traits is formalized with the concept of building blocks (BBs),

which are templates (formally known as schemata) that specify a well-adapted set of

features common to good solutions. The prevailing theory suggests that GAs work

by identifying and recombining BBs using selection and crossover.

One of the most important decisions needed to use a GA is to set the number of

individuals in the population. However, the question of how to choose an adequate

population size for a particular domain is di�cult, and has puzzled GA practitioners

for a long time. If the population is too small, there might not be an adequate supply

of BBs, and it will be di�cult to identify good solutions. On the other hand, if the

population is too large, the GA will waste time processing unnecessary individuals,

and this may result in unacceptably slow performance. The problem consists on

�nding a population size that is large enough to permit a correct exploration of the

search space, and that does not waste computational resources. The same problem is
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encountered in parallel GAs, and therefore the results of this chapter are important

to our quest for e�cient parallel GAs.

This chapter presents a model to predict the convergence quality of genetic al-

gorithms based on the size of their population. The model is based on an analogy

between selection in GAs and one-dimensional random walks. Using the solution to a

classic random walk problem (the gambler's ruin), the model naturally incorporates

previous knowledge about the initial supply of building blocks and the correct selec-

tion of the best BB over its competitors. The result is an accurate relation between

the size of the population with the desired quality of the solution, as well as the

problem size and di�culty.

The chapter is largely based on a paper by Harik, Cant�u-Paz, Goldberg, and

Miller (1997), and is organized as follows. The next section presents the facetwise

decomposition that guides this work and a discussion of some previous studies on

population sizing. Section 2.2 revisits in detail a model that describes the probability

of choosing correctly between two competing individuals. This pairwise decision

probability is then used as an integral part of the population sizing model presented

in section 2.3. Then, section 2.4 con�rms the accuracy of the model with results

of experiments based on domains of varying di�culty. Section 2.5 discusses how

the model is extended to account for explicit noise in the �tness of the individuals,

and section 2.6 extends the model to consider di�erent selection types. The chapter

concludes with a brief summary.

2.1 Background

Over the years, researchers and practitioners have noticed that the population size

largely determines the convergence quality of GAs and the duration of their run.

Unfortunately, there are only a handful of studies that guide users to choose adequate

population sizes (Goldberg, 1989b; Goldberg, Deb, & Clark, 1992). This section
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reviews some of these studies, but �rst it describes the decomposition that guides

our study of GAs.

2.1.1 Decomposing the Problem

Despite their operational simplicity, GAs are complex non-linear algorithms. To have

any hope of understanding and designing GAs we need to approach them as we do

with other di�cult engineering tasks: decompose the problem into tractable sub-

problems, solve the sub-problems, and integrate the partial solutions. For some time

now, we have used a rational, facetwise decomposition as a guide in our study of GAs

(Goldberg, 1991; Goldberg, Deb, & Clark, 1992):

1. Know what the GA is processing: building blocks (BBs)

2. Solve problems tractable by BBs

3. Supply enough BBs in the initial population

4. Ensure the growth of necessary BBs

5. Mix the BBs properly

6. Decide well among competing BBs

We restrict the notion of building blocks to the minimal-order schemata that

contribute to the global optimum. Other schemata in the same partition|even

if they have a high average �tness|are labeled as incorrect. In this view, when

crossover juxtaposes two BBs of order k at a particular string it does not lead to a

single BB of order 2k, but instead to two separate BBs (Thierens & Goldberg, 1993).

In addition, we assume that the only source of BBs is the random initialization of

the population: mutation and crossover do not create or destroy too many BBs.

This study involves two of the six points above: the initial supply and the de-

cision process between competing BBs. The model described later in this chapter
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incorporates these two issues in what elsewhere (Goldberg, 1996b) has been called a

little model; it does not attempt to describe the e�ect of all possible parameters on

the search. Instead, the model focuses only on the supply and decision issues and

describes many practical relations between them. Although the model excludes the

e�ects of mixing and growth of BBs, the result is extremely accurate and can be used

as a guideline to design faster and more reliable GAs.

Previous estimates of adequate population sizes consider only one of these facets,

while the model introduced later in this chapter naturally integrates both. The

remainder of this section reviews some of these previous studies.

2.1.2 Supply Models

Before selection and recombination can act on the BBs, the GA �rst needs to have

an adequate supply. When BBs are abundant, it is likely that the GA will choose

and combine them correctly; conversely, when BBs are scarce the chances of the GA

converging to a good solution are low.

The �rst supply model simply considers the number of BBs present in the initial

random population. The probability that a single building block of size k is generated

randomly is 1=2k for binary domains, and therefore the initial supply of BBs can be

estimated as

x0 =
n

2k
: (2.1)

This simple supply equation suggests that domains with short BBs|and thus

with more BBs in the initial population|need smaller population sizes than domains

with longer BBs. A later section presents empirical results using functions with BBs

of di�erent lengths to corroborate this notion.

Another way of relating the size of the population with the expected performance
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of the GA is to count the number of schemata processed by the GA. Holland (1975)

estimated that a randomly initialized population of size n contains O(n3) schemata.

Holland used the term implicit parallelism to denote this fact, and it has become one

of the common arguments on why GAs work well. Goldberg (1989a) rederived this

estimate in two steps: (1) compute the number of schemata in one string, and then

(2) multiply it by the population size.

The number of schemata of length ls or less in one random binary string of length

l is 2ls�1(l � ls + 1). The schema length ls is chosen such that the schemata survive

crossover and mutation with a given constant probability. It is likely that low-order

schemata will be duplicated in large populations, so to avoid overestimating the

number of schemata, pick a population size n = 2ls=2, so that on average half of the

schemata are of higher order than ls=2 and half are of lower order. Counting only the

higher order ones gives a lower bound on the number of schemata in the population

as ns � n(l� ls+1)2ls�2. Since n = 2ls=2 this becomes ns =
(l�ls+1)n3

4
; which is O(n3).

In a di�erent study, Goldberg (1989b) computed the expected number of unique

schemata in a random population, and used this quantity together with an estimate

of the convergence time to �nd the optimal population size that maximizes the rate

of schema processing. Goldberg considered serial and parallel �tness evaluations, and

his results suggest that high schema turnover is promoted with small populations in

serial GAs and with large populations in parallel.

More recently, M�uhlenbein and Schlierkamp-Voosen (1994) derived an expres-

sion for the minimum population size needed to converge to the optimum with high

probability. Their analysis is based on additive �tness functions, and their study

focuses on the simplest function of this type: the one-max, which we also use in

our investigation. They conjectured that the optimal population size depends on the

initial supply of the desired alleles, on the size of the problem, and on the selection

intensity. Our study also considers the e�ect of these variables on the population

size. Later, Cvetkovi�c and M�uhlenbein (1994) empirically determined that for the
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one-max the population size is directly proportional to the square root of the size of

the problem, and it is inversely proportional to the square root of the proportion of

correct alleles in the initial population. Our results are also based on additive �tness

functions, and are consistent with their experimental �t on the problem size, but in-

dicate that in general the population size is inversely proportional to the proportion

of correct BBs present initially (not to the square root).

2.1.3 Decision Models

The second aspect of population sizing involves selecting better partial solutions.

Holland (1973, 1975) recognized that the issue of choosing between BBs (and not

between complete strings) can be recast as the two-armed bandit problem, a well-

known problem in statistical decision theory. The problem consists in choosing the

arm with the highest payo� of a two-armed slot machine, at the same time that payo�

information is collected. This classic problem is a concrete example of the tradeo�

between exploring the sample space and exploiting the information already gathered.

Holland's work assumes an idealization of the GA as a cluster of interconnected 2-

armed bandits, so his result relating the expected loss and the number of trials can

be directly applied to schema processing. Although Holland's calculations are based

on an idealization, his results give an optimistic bound on the allocation of trials on

a real GA.

Around the same time, De Jong (1975) recognized the importance of noise in the

decision process and proposed an estimate of the population size based on the signal

and noise characteristics of the problem. Unfortunately, he did not use his estimate

in the remaining of his groundbreaking empirical study and the result remained

unveri�ed and ignored by many.

Goldberg and Rudnick (1991) gave the �rst population sizing estimate based

on the variance of �tness. Later, Goldberg, Deb, and Clark (1992) developed a

conservative bound on the convergence quality of GAs. Their model is based on

11



deciding correctly between the best BB in a partition and its closest competitor, while

the decision process is clouded by collateral noise coming from the other partitions.

The result of that investigation is a population sizing equation that for binary

alphabets and ignoring external sources of noise is:

n = 2c(�)2km0�
2
M

d
2
; (2.2)

where c(�) is the square of the ordinate of a unit normal distribution where the

probability equals �; � is the probability of failure; k is the order of the BB; m0 is

one less than the number of BBs in a string (m); �2
M

is the average �tness variance

of the partition that is being considered; and d is the �tness di�erence between the

best and second best BBs.

This model conservatively approximates the behavior of the GA by considering

that if the wrong BBs were selected in the �rst generation, the GA would be unable to

recover from the error. Likewise, if the decisions were correct in the �rst generation,

the model assumes that the GA would converge to the right solution. This study is

a direct extension of the work by Goldberg, Deb, and Clark. The main di�erence

between the current model and theirs is that we do not longer approximate the

behavior of the GA by the outcome of the �rst generation.

2.2 Deciding Well Between two BBs

The role of selection in GAs is to decide which individuals survive to form the next

generation. The selection mechanism is supposed to choose those individuals that

have the correct BBs and to eliminate the others, but sometimes the wrong individuals

are chosen. To understand why this may occur this section reviews the calculations

of Goldberg, Deb, and Clark (1992) of the probability of deciding well between an

individual with the best BB and another individual with the second best BB in
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Figure 2.1: Two competing building blocks of order four.

d

f fH2H1

Figure 2.2: Fitness distributions for two competing individuals.

a partition. Their idea is to focus on one partition, and to consider the �tness

contributions from the other partitions as noise that interferes in the decision process.

Consider a competition between an individual i1 that contains the optimal BB in

a partition, H1, and an individual i2 with the second best BB, H2. This is illustrated

in �gure 2.1. The probability of deciding correctly between these two individuals

is the probability that the �tness of i1 (f1) is greater than the �tness of i2 (f2) or

equivalently the probability that f1 � f2 > 0.

Figure 2.2 illustrates the distributions of the �tness of the chromosomes containing

H1 and H2. The distance between the mean �tness of H1 ( �fH1
) and the mean �tness

of H2 ( �fH2
) is denoted by d. Assuming that the �tness is an additive function of the

�tness contribution of all the partitions in the problem, we may consider that the

�tness distributions of H1 and H2 to be normal by the central limit theorem (because

the �tness contribution of each partition is a random variable, and the sum of random

variables is normally distributed).
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Since the �tness distributions of i1 and i2 are normal, the distribution of f1�f2 is

itself normal and has known properties: the mean is the di�erence of the individual

means, and the variance is the sum of the individual variances. Therefore,

f1 � f2 � N( �fH1
� �
fH2

; �
2
H1

+ �
2
H2
):

Substituting d = �
fH1

� �
fH2

in the expression above and normalizing, the proba-

bility of making the correct decision on a single trial is

p = �

 
dq

�
2
H1

+ �
2
H2

!
; (2.3)

where � is the cumulative distribution function (CDF) of a normal distribution with

zero mean and unit standard distribution.

To calculate the variance of H1 and H2, we follow Goldberg, Deb, and Clark

(1992), and assume that the �tness function is the sum ofm independent subfunctions

Fi, each of the same size k of the most deceptive partition. Now, the overall �tness

variance may be calculated as

�
2
F
=

mX
i=1

�
2
Fi
:

For domains where the m partitions are uniformly scaled (equally weighted),

the average BB variance (denoted by �
2
bb
) is simply �

2
Fi
. In this case the total noise

coming from the m0 = m�1 partitions that are not competing directly is �2
F
= m

0
�
2
bb
.

Therefore, the probability of making the right choice in a single trial in a problem

with m independent and equally-scaled partitions becomes

p = �

 
dp

2m0
�bb

!
: (2.4)
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Goldberg, Deb, and Clark (1992) used this probability to create the �rst model

that relates the size of the population with the quality of decisions. Their model

showed how to incorporate the e�ect of collateral noise into the population-sizing

question, and their paper describes how to estimate the parameters necessary to

calculate p. In the next section, that knowledge about noise and decision-making

at the BB level will be uni�ed quite naturally with the knowledge about the initial

supply of BBs.

2.3 The Gambler's Ruin Model

The gambler's ruin problem is a classical example of random walks, which are mathe-

matical tools that can be used to predict the outcome of certain stochastic processes.

The most basic random walk deals with a particle that moves randomly on a one-

dimensional space. The probability that the particle moves to the left or to the right

is known, and it remains constant for the entire experiment. The size of the step is

also constant, and sometimes the movement of the particle is restricted by placing

barriers at some points in the space. For our purposes, we consider a one-dimensional

space bounded by two absorbing barriers that capture the particle once it reaches

them.

In the gambler's ruin problem, the capital of a gambler is represented by the

position, x, of a particle on a one-dimensional space, as depicted in �gure 2.3. Initially,

the particle is positioned at x0 = a where a represents the gambler's starting capital.

The gambler plays against an opponent that has an initial capital of n � a, and

there are absorbing boundaries at x = 0 (representing bankruptcy) and at x = n

(representing winning all the opponent's money). At each step in the game, the

gambler has a chance p of increasing his capital by one unit and a probability q = 1�p
of loosing one unit. The object of the game is to reach the boundary at x = n, and

the probability of success depends on the initial capital and on the probability of
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x=n/2^kx=0 x=n

pq

Figure 2.3: The bounded one-dimensional space of the gambler's ruin problem.

winning a particular trial.

The connection between selection in GAs and the gambler's ruin problem was �rst

proposed by Harik, Cant�u-Paz, Goldberg, and Miller (1997), and appears naturally

when we assume that partitions are independent and concentrate on only one of

them. The particle's position on the one-dimensional space, x, represents the number

of copies of the correct BBs in the population. The absorbing barriers at x = 0 and

x = n represent convergence to the wrong and right solutions, respectively. The

initial position of the particle, x0, is the expected number of copies of the correct BB

in a randomly initialized population, which in a binary domain and considering BBs

of order k is x0 =
n

2k
.

There are a number of assumptions that we need to make to use the gambler's

ruin problem to predict the quality of the solutions of the GA. The gambler's ruin

model considers that decisions in a GA occur one at a time until all the n individuals

in its population converge to the same value. In other words, in the model there is

no explicit notion of generations, and the outcome of each decision is to win or lose

one copy of the optimal BB. Assuming conservatively that all competitions occur

between strings that represent the best and the second best BBs in a partition, the

probability of gaining a copy of the global BB is given by the correct decision-making

probability p (equation 2.4).

The calculation of p implicitly assumed that that the GA uses pairwise tourna-

ment selection (two strings compete), but adjustments for other selection schemes

are possible, as we shall see in a later section. The analogy between GAs and the
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gambler's ruin problem also assumes that the only source of BBs is the random ini-

tialization of the population. This assumption implies that mutation and crossover

do not create or destroy signi�cant numbers of BBs. The boundaries of the random

walk are absorbing; this means that once a partition contains n copies of the correct

BB it cannot lose one, and likewise, when the correct BB disappears from a partition

there is no way of recovering it. We recognize that this model is a simpli�cation, but

experimental results suggest that is it a reasonable one.

As we discussed above, the GA succeeds when there are n copies of the correct

BB in the partition of interest. A well-known result in the random walk literature

is that the probability that the particle will eventually be captured by the absorbing

barrier at x = n is (Feller, 1966):

Pbb =
1�

�
q

p

�x0
1�

�
q

p

�n : (2.5)

From this equation, it is relatively easy to �nd an expression for the population

size. First, note that by de�nition p > 1 � p (because the mean �tness of the best

BB is greater than the mean �tness of the second best), and that x0 is usually

small compared to the population size. Therefore, for increasing values of n the

denominator in equation 2.5 approaches 1 very quickly and it can be ignored in

the calculations. Substituting the initial supply of BBs (x0 = n=2k), Pbb may be

approximated as

Pbb � 1�
 
1� p

p

!n=2k
: (2.6)

We measure the quality of the solutions as the number of partitions X that

converge to the correct BB. Since we assume that the BBs are independent of each
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other, the expected number of partitions with the correct BB at the end of a run is

E(X) = mPbb. Assuming that we are interested in �nding a solution with an average

of Q̂ partitions correct, we can solve Pbb =
Q̂

m
for n and obtain a population sizing

equation:

n =
2k ln(�)

ln
�
1�p
p

� ; (2.7)

where � = 1 � Q̂

m
is the probability of failure. To observe more clearly the relations

between the population size and the domain-dependent variables involved, we may

expand p and write the last equation in terms of the signal, the noise, and the number

of partitions in the problem. First, approximate p using the �rst two terms of the

power series expansion for the normal distribution as (Abramowitz & Stegun, 1972):

p =
1

2
+

1p
2�

z;

where z = d=(�bb
p
2m0). Substituting this approximation for p into equation 2.7

results in

n = 2k ln(�)= ln

0@1� z
p
2p
�

1 + z
p
2p
�

1A
: (2.8)

Since z tends to be a small number, ln(1� z
p
2p
�
) may be approximated as � z

p
2p
�
.

Using these approximations and substituting the value of z into the equation above

gives

n = �2k�1 ln(�)�bb
p
�m

0

d

: (2.9)
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This rough approximation makes more clear the relations between some of the

variables that determine when a problem is harder than others. It quanti�es many

intuitive notions that practitioners have about problem di�culty for GAs. For ex-

ample, problems with long BBs (large k) are more di�cult to solve than problems

with short BBs, because long BBs are scarcer in a randomly initialized population.

Furthermore, the equation shows that the required population size is inversely pro-

portional to the signal-to-noise ratio. Intuitively, problems with a high variability

are hard because it is di�cult to detect the signal coming from the good solutions

when the interference from not-so-good solutions is high. Similarly, longer problems

(larger m) are more di�cult than problems with a few partitions because there are

more sources of noise. However, the GA scales very well to the problem size; the

equation shows that the required population grows as the square root of the size of

the problem.

2.4 Experimental Veri�cation

This section veri�es that the gambler's ruin model predicts accurately the quality of

the solutions reached by simple GAs. The experiments reported in this section use

additively-decomposable test functions of varying di�culty, which will be used to test

the parallel GA models presented in later chapters. The population sizes required to

solve the test problems vary from a few tens to a few thousands, demonstrating that

the predictions of the model scale well to problem di�culty.

All the results in this chapter are the average over 100 independent runs of a

simple generational GA. The GA uses pairwise tournament selection without re-

placement. The crossover operator was chosen according to the order of the BBs of

each problem, and is speci�ed in each subsection below. In all the experiments, the

mutation probability is set to zero, because the model considers that the only source

of diversity is the initial random population. Each run was terminated when the
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population had converged completely (which is possible because the mutation rate

is zero), and we report the percentage of partitions that converged to the correct

value. The theoretical predictions of the gambler's ruin model were calculated with

equation 2.5.

2.4.1 One-max

The one-max problem is probably the most frequently-used �tness function in genetic

algorithms research because of its simplicity. The �tness of an individual is equal to

the number of bits set to one in its chromosome. This is a very easy problem for GAs

since there is no isolation or deception and the BBs are short. The supply of BBs is

no problem either, because a randomly initialized population has on average 50% of

the correct BBs.

In this function the order of the BBs is k = 1. The �tness di�erence is d = 1

because a correct partition contributes one to the �tness and an incorrect partition

contributes nothing. The variance may be calculated as �2
bb
= (1�0)=4 = 0:25 (see the

paper by Goldberg, Deb, and Clark (1992) for a discussion on how to approximate or

bound �2
bb
). The �rst set of experiments uses strings with m = 100 bits. Substituting

these values into equation 2.4 gives the probability of choosing correctly between two

competing BBs as p = 0:5565. Since the length of the BBs is one, crossover cannot

disrupt them, and uniform crossover was chosen for this function as it mixes BBs

quite e�ectively. The probability of exchanging each bit was set to 0.5.

In �gure 2.4 the bold line is the theoretical prediction of the gambler's ruin model

and the dotted line is the experimental results. The thin line in the �gure is the

theoretical prediction of the population sizing model of Goldberg, Deb, and Clark

(1992). The results of a second set of experiments with a 500-bit one-max problem

are shown in �gure 2.5.

The gambler's ruin model predicts the outcome of the experiments for the 100

and 500-bit functions quite accurately. However, in the 500-bit function the match is
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Figure 2.4: Experimental and theoretical results of the proportion of correct BBs on a 100-bit one

max function. The prediction of the random walk model is in bold, the experimental results are the

dotted line, and the previous decision-based model is the thin line.

not as close as in the 100-bit case. The reason for this small discrepancy may be that

the theory only considers one partition at a time and it assumes that decisions for

one partition are independent of all the others. In order to achieve this independence,

crossover must distribute BBs completely at random across all the individuals in the

population. In this case, the goal of crossover is to smooth the distribution of BB in

the di�erent alleles and to avoid hitchhiking. However, it would not be practical to

reach this perfect distribution, because many rounds of crossover would be necessary

in every generation. The problem of inadequate mixing is aggravated as longer strings

are used. The predictions of the model should be much more accurate for algorithms

such as PBIL (Baluja, 1994), UMDA (M�uhlenbein & Paa�, 1996), or the compact

GA (Harik, Lobo, & Goldberg, 1998), which treat each bit independently and do not

su�er from the inadequate mixing problem described here.

2.4.2 Scaled Problems

The next set of experiments test the predictions of the model on scaled subfunctions.

The �tness function is similar to a one-max, except that the contribution of every
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Figure 2.5: Experimental and theoretical results of the proportion of correct BBs on a 500-bit one

max function. The bold line is the prediction of the model, the dotted line is the experimental

results, and the thin line is the previous decision-only model.

tenth bit to the �tness is reduced. In particular, the �rst scaled function is

Fsc =
mX
i=0

cixi;

where xi 2 f0; 1g, and ci = 0:8 when i 2 f0; 10; 20; :::; 90g and ci = 1 otherwise.

The signal of the scaled partitions is smaller than before (d = 0:8), and the noise

is reduced slightly (�2
bb

= 0:245). The reduction of the signal makes it harder to

decide correctly between the right and wrong BBs, and therefore larger populations

are required to reach the correct solution (in this case p = 0:5457). The parameters

for the experiments are the same as for the one-max functions, but the results re-

ported are the proportion of badly scaled bits that converged correctly. The stronger

bits converge more easily, and including them in the results would paint an overly

optimistic picture.

The second scaled function is similar to the �rst, but the signal of every tenth

bit is reduced further to d = 0:6 (and p becomes 0:5346). The predictions and the

empirical results for the two scaled functions are displayed in �gure 2.6. In both

cases the model correctly predicts larger population sizes, but it is more conservative
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Figure 2.6: Experimental and theoretical results of the proportion of correct BBs on two scaled

100-bit one-max problems. The predictions of the random walk model are plotted in bold and the

experimental results with a dotted line.

than with the uniformly-scaled one-max. A probable explanation for this is that

the estimate of variance might be too high in the scaled cases. In the GA, the

more salient BBs|those that are not scaled down|converge �rst. Therefore, when

the competitions between the scaled BBs begin, the noise coming from the other

partitions is much lower because most of them must have converged already.

The e�ect of reducing the signal even further may be observed in �gure 2.7. In

this case, the population size is maintained constant while the signal of the scaled

bits ranges from 0.2 to 1. The model correctly predicts that the proportion of parti-

tions that converge correctly decreases as the signal becomes weaker. The model is

more accurate as the signal increases, but it is always conservative and may be used

con�dently to determine the population size required to �nd the desired solution.

2.4.3 Deceptive Functions

The next two sets of experiments use deceptive trap functions. Fully deceptive trap

functions are used in many studies of GAs because their di�culty is well understood

and it can be regulated easily (Deb & Goldberg, 1993). Trap functions are hard for

traditional optimizers, because they will tend to climb to the deceptive peak, but
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Figure 2.7: Experimental and theoretical results on scaled 100-bit one-max functions varying the

signal from 0.2 to 1. The predictions are plotted in bold and the experiments with a dotted line.

The population size remained constant in each experiment.

GAs with properly sized populations can solve them satisfactorily. We expect to use

larger population sizes than before to solve these functions for two reasons: (1) the

BBs are much scarcer in the initial population because they are longer; and (2) the

signal to noise ratio is lower, making the decision between the best and the second

best BBs more di�cult.

To solve the trap functions, tight linkage was used (i.e., the bits that de�ne each

trap function are positioned next to each other in the chromosome), although there

are algorithms such as the messy GA (Goldberg, Korb, & Deb, 1989) and its rela-

tives (Goldberg, Deb, Kargupta, & Harik, 1993; Kargupta, 1996; Harik & Goldberg,

1996) that are able to �nd tight linkages automatically. Other modern GAs that

explicitly identify BBs and treat them independently, such as the extended compact

GA (Harik, 1999) and the Bayesian optimization algorithm (Pelikan, Goldberg, &

Cant�u-Paz, 1999) can bene�t immediately from the research reported in this disser-

tation.

The �rst deceptive test function used in the experiments is based on the 4-bit

trap function depicted in �gure 2.8, which was also used by Goldberg, Deb, and

Clark (1992) in their study of population sizing. As in the one-max, the value of

this function depends on the number of bits set to one, but in this case the �tness
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Figure 2.8: A 4-bit deceptive function of unity.

increases with more bits set to zero until it reaches a local (deceptive) optimum.

The global maximum of the function occurs precisely at the opposite extreme where

all four bits are set to one, so an algorithm cannot use any partial information to

�nd it. The signal di�erence d (the di�erence between the global and the deceptive

maxima) is 1 and the �tness variance (�2
bb
) is 1.215. The test function is formed by

concatenating m = 20 copies of the trap function for a total string length of 80 bits.

The probability of making the right decision between two individuals with the best

and the second best BBs is p = 0:5585.

The experiments with this function use two-point crossover to avoid the excessive

disruption that uniform crossover would cause on the longer BBs. The crossover

probability is set to 1.0, and as before there is no mutation. Figure 2.9 presents the

prediction of the percentage of BBs correct at the end of the run along with the

results from the experiments. The bold line is the prediction of the random walk

model and the thin line is the prediction of the previous decision-only model. Note

that the convergence quality for small population sizes is dominated by the initial

supply of BBs, and as expected, the previous model is not accurate in this region.

The second deceptive test function is formed by concatenating m = 10 copies of

an 8-bit fully deceptive trap. The 8-bit trap is similar to the 4-bit used above with a
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Figure 2.9: Theoretical predictions and and experimental results for a 4-bit deceptive function with

20 BBs. The model (in bold) approximates well the experimental results (dotted). The thin line is

the previous decision-making model.

signal di�erence d = 1, but the �tness variance is �2
bb
= 2:1804. The higher variance

and longer BBs make this function more di�cult than the 4-bit problem, so larger

populations are expected in this case. One-point crossover was used for this function

because the longer BBs are more likely to be disrupted by crossover. The crossover

probability was again set to 1:0 and there is no mutation.

Figure 2.10 shows the results for this problem. As in previous cases, the random

walk model (in bold) approximates the experimental results well. As expected, the

previous population-sizing model (thin line) gives a very conservative estimate of

convergence quality, especially for small population sizes.

Experiments reported elsewhere (Harik, Cant�u-Paz, Goldberg, & Miller, 1999)

suggest that the gambler's ruin model is also accurate on additively-decomposable

functions composed of deceptive traps de�ned over overlapping substrings. These

results are encouraging because overlapping subfunctions make the problems more

di�cult.
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Figure 2.10: Theoretical predictions and experimental results (dotted line) for a 8-bit deceptive

function with 10 BBs. The predictions of the gambler's ruin model are in bold, and the previous

decision model is plotted with a thin line.

2.5 Noise and Population Sizing

Genetic algorithms are being used increasingly to solve problems where the �tness of

an individual cannot be determined exactly due to noise in the evaluation function.

The noise may come from an inherently noisy domain or from a noisy approximation

of an excessively expensive �tness function. This section examines how this explicit

�tness noise a�ects the size of the population.

Following Goldberg, Deb, and Clark (1992) the noisy �tness F 0 of an individual

is modeled as

F
0 = F +N;

where F is the true �tness of an individual and N is the noise present in the evalua-

tion. The e�ect of the added noise is to increase the �tness variance of the popula-

tion, making it more di�cult to choose correctly between two competing individuals.

Therefore, the one-on-one decision-making probability (equation 2.4) has to be mod-

i�ed to include the e�ect of explicit noise; then, it may be used to �nd the required

population size as was done in section 2.3.

Assuming that the noise is normally distributed as N(0; �2
N
), the �tness variance

27



becomes �2
F
+ �

2
N
. Therefore, the probability of choosing correctly between an indi-

vidual with the optimal building block and an individual with the second best BB in

a noisy environment is

p = �

 
dq

�
2
H1

+ �
2
H2

+ 2�2
N

!
:

In the case of uniformly scaled problems this becomes (Miller, 1997)

p = �

 
dq

2(m0
�
2
bb
+ �

2
N
)

!
: (2.10)

Using this form of p and the same procedure used to obtain equation 2.8 results

in the following population sizing equation for noisy domains:

n = �2k�1 ln(�)
q
�m

0
�
2
bb
+ �

2
N

d

: (2.11)

The one-max domain was used to test the predictions of the gambler's ruin model

(equation 2.5) using the decision probability given by equation 2.10. The experiments

used a 100-bit problem with uniform crossover and no mutation. The �tness variance

is �2
F
= m�

2
bb
= 25 and the experiments were run for �2

N
values of �2

F
� (0; 1; 2). Fig-

ure 2.11 displays the average proportion of partitions that converge correctly (taken

over 100 independent runs at each population size) for each noise level. The �gure

shows that the predictions match well the empirical results.

The e�ect of the increasing noise in the quality of convergence may be observed

very clearly in �gure 2.12. In this set of experiments, the population size was held

constant while the noise increased. The gambler's ruin model correctly predicts that

additional noise causes the GA to reach solutions of lower quality, and although the

predictions are not exact, the model is conservative and may be used to calculate the

required population size.

28



20 40 60 80 100 Pop size

0.6

0.7

0.8

0.9

1
Proportion BBs

(a) No noise

20 40 60 80 100 Pop size

0.6

0.7

0.8

0.9

1
Proportion BBs

(b) �2F = 25

20 40 60 80 100 Pop size

0.6

0.7

0.8

0.9

1
Proportion BBs

(c) �2F = 50

Figure 2.11: Theoretical and experimental results for 100-bit one-max functions with varying noise

levels. The noise is constant for each set of experiments, and the population size ranges from 2 to

100.
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Figure 2.12: Theoretical and experimental results for 100-bit one-max functions varying the noise

levels from �2bb = 0 to 100. The population size remained constant for each set of experiments.
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2.6 E�ect of Selection Type

Besides the population size, an important factor in the convergence quality of GAs is

the selection scheme. After all, the selection mechanism is the part of the GA making

the decisions we have discussed in the previous sections. The goal of any selection

method is to favor the proliferation of good individuals in the population. However,

selection methods di�er on how much pressure they exert on the population.

M�uhlenbein and Schlierkamp-Voosen (1993) introduced the concept of selection

intensity to measure the pressure of selection schemes. The selection pressure of

tournament selection increases with larger tournament sizes, s. Only tournament

selection is considered here, but the results can be extrapolated to other selection

methods with known constant selection intensities (see (B�ack, 1994; Miller & Gold-

berg, 1996)). A di�erent analysis would be necessary for schemes such as proportional

selection that do not have a constant selection pressure.

Assume conservatively that the correct BB competes against s� 1 copies of the

second best BB. As larger tournaments are considered, the probability of making the

wrong decision increases proportionately to s; thus, we approximate the probability

of making the right decision as 1=s. In reality, this probability is higher than 1=s

since a tournament might involve more than one copy of the best BB|especially as

the run progresses and the proportion of correct BBs increases. However, 1=s is a

good initial approximation as the experimental results suggest.

The increasing di�culty of decision-making as the tournament size increases can

be accounted as a contraction in the signal that the GA is trying to detect. Setting

the new signal to

d
0 = d+ ��1

�
1

s

�
�bb;

where ��1(1=s) is the ordinate of a unit normal distribution where the CDF equals

1=s, we can compute a new probability of deciding well using d
0 instead of d in
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Figure 2.13: Predictions and experimental results for a 100-bit one-max function varying the selec-

tion intensity. From left to right: s = 2; 4; 8

equation 2.4.

Experiments were performed using a 100-bit one-max function and tournament

sizes of 2, 4, and 8. The experimental results are plotted in �gure 2.13 with dotted

lines along with the theoretical predictions. The leftmost plot corresponds to a tour-

nament size s = 2, the next to s = 4, and the rightmost to s = 8. Once again, the

model is a good predictor for the proportion of BBs correct at the end of the run.

2.7 Summary

This chapter presented a solution to a long-standing problem in genetic algorithms:

how to determine an adequate population size to reach a solution of a particular

quality. The model is based on a random walk where the position of a particle on a

bounded one-dimensional space represents the number of copies of the correct BBs in

the population. The probability that the particle will be absorbed by the boundaries

is well known, and it was used to derive an equation that relates the population size

with the required solution quality and several domain-dependent parameters.

The accuracy of the model was veri�ed with experiments using test problems
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that ranged from the very simple to the moderately hard. The results con�rmed that

the model is accurate, and that its predictions scale well with the di�culty of the

domain.

The basic model was extended to consider non-uniformly scaled �tness functions,

explicit noise in the �tness evaluation, and di�erent selection schemes. Other ex-

tensions may require di�erent adjustments, but the facetwise decomposition of tasks

that guided this part of the investigation is appropriate.

A correctly sized population is the �rst step toward competent and e�cient ge-

netic algorithms. This chapter showed how to size the population to obtain the

desired quality without resorting to unnecessarily large populations, which waste

valuable computational resources. The next chapter investigates how to make single-

population GAs faster by parallelizing the evaluation of �tness.
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Chapter 3

Master-Slave Parallel GAs

Probably the easiest way to parallelize GAs is to distribute the evaluation of �t-

ness among several slave processors while one master executes the GA operations

(selection, crossover, and mutation). Master-slave GAs are important for several rea-

sons: (1) they explore the search space in exactly the same manner as a serial GA,

and therefore the existing design guidelines for simple GAs are directly applicable;

(2) they are very easy to implement, which makes them popular with practitioners;

and (3) in many cases master-slave GAs result in signi�cant improvements in perfor-

mance. However, there has been little analysis to study the bene�ts that master-slave

parallel GAs o�er, perhaps because the cost of the frequent communication that is

required seems insurmountable.

This chapter examines a very simple master-slave GA. Although faster and more

e�cient implementations are possible, the objective is to give a simple lower bound

on the potential bene�ts that should be expected of parallel GAs in general.

The execution time of master-slave GAs has two components: the time used in

computations and the time used to communicate information among processors. In

turn, the computation time is largely determined by the size of the population, so one

may be tempted to reduce the population to make the GA faster. However, as the

previous chapter discussed, the population size cannot be reduced arbitrarily without

su�ering a signi�cant decrease in solution quality.

Communication in master-slave GAs occurs every generation when the master

sends individuals to the slaves, and when the slaves return the �tness evaluations to
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Figure 3.1: A schematic of a master-slave parallel GA.

the master. The cost of communications depends on how many slaves are used and

on the hardware platform used to execute the algorithm.

A critical observation in this chapter is there is a tradeo� between increasing

communications and decreasing the time that each slave uses to evaluate individuals.

This tradeo� is used to �nd the number of slaves that minimize the execution time

of the master-slave GA.

The remainder of the chapter is organized as follows. The next section reviews

some of the previous work on master-slave parallel GAs. Section 3.2 �nds an accurate

predictor of the execution time and shows how to minimize it. Section 3.3 shows

experiments with functions of varying computational requirements that validate the

accuracy of the theory and show how to calibrate the models to particular hardware

and problem domains. Section 3.4 discusses a variation of the simple master-slave

algorithm in which the population is distributed between several processors. That

section describes the modi�cations to selection and crossover that are necessary to

maintain the illusion of a single panmictic population. This algorithm is important

because it similar to a bounding case of multi-deme algorithms that are treated in

the remainder of the dissertation. Finally, the chapter ends with a brief summary.

34



3.1 Background

There are many examples of master-slave GAs in the literature. Most of the publica-

tions available are from practitioners who need to �nd solutions to their applications

faster, but there are also a few important theoretical studies.

Bethke (1976) was the �rst to describe parallel implementations of a conventional

GA and of a GA with a generation gap. He performed a detailed analysis of the

e�ciency of the use of the processing capacity and concluded that it may be close to

100%. However, the analysis ignored the cost of communications.

Another early study of master-slave parallel GAs was made by Grefenstette

(1981). He proposed four prototypes for parallel GAs. The �rst three prototypes

were variants of a master-slave scheme, and the fourth was a multiple-deme parallel

GA. The �rst prototype was a synchronous master-slave GA similar to the one ex-

amined later in this chapter. In the second prototype, the �tness evaluations and the

replacement of individuals occurred asynchronously. The third prototype assumes

that the population is stored in a global shared memory, and is also an asynchronous

algorithm. In addition, Grefenstette brie
y hinted at the possibility of combining

multiple populations (the fourth prototype) with any of the three master-slave GAs,

to create a hybrid parallel GA. Section 8.1 explores this possibility in more detail.

The early works speculated about the bene�ts that even simple parallel master-

slave GAs would bring to domains with long evaluation times. However, despite the

early promises of great speedups, several practitioners who used master-slave GAs

stumbled upon a scalability problem: as more processors were used, the e�ciency

of the parallel algorithm decreased. In most cases, the cause was the increase of

communication costs.

For example, Fogarty and Huang (1991) attempted to evolve a set of rules for a

pole balancing application that takes a considerable time to simulate. They used a

network of transputers, which are microprocessors designed speci�cally for parallel

35



computations. A transputer connects directly to only four transputers, and com-

munication between arbitrary nodes is handled by retransmitting messages. This

causes an overhead in communications, and in an attempt to minimize it, Fogarty

and Huang connected the transputers using di�erent topologies. They concluded

that the physical con�guration of the network did not make a signi�cant di�erence

in the execution time. Although satisfactory reductions of the execution time were

reported, they identi�ed the fast-growing communication overhead as an impediment

for further improvements.

Abramson and Abela (1992) implemented a GA on a shared-memory computer

(an Encore Multimax with 16 processors) to search for school timetables. They

reported limited speedups, and blamed a few sections of serial code on the critical

path of the program for the results. Later, Abramson, Mills, and Perkins (1993)

added a distributed-memory machine (a Fujitsu AP1000 with 128 processors) to the

experiments, changed the application to train timetables, and modi�ed the code. This

time, they reported good (and almost identical) speedups for up to 16 processors on

the two computers, but the speedups degraded signi�cantly with more processors.

Hauser and M�anner (1994) used three di�erent parallel computers on their ex-

periments with master-slave GAs, but they obtained good results only on a NERV

multiprocessor (speedup of 5 using 6 processors), which has a very low communica-

tions overhead. They explained the poor performance on the other systems they used

(a SparcServer and a KSR1) on the inadequate scheduling of computation threads to

processors by the system.

In general, master-slave implementations are more e�cient as the evaluations

become more expensive. For instance, Grefenstette (1995) obtained about 80% e�-

ciency on a complex robot learning task, but only 50% with an easier task. Moreover,

asynchronous implementations that do not have a clear separation between genera-

tions are faster than algorithms where the master has to wait for the slower slaves

before proceeding (e.g., Zeigler and Kim (1993)).
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Besides the evaluation of �tness, another aspect of GAs that can be parallelized is

the search operators. For example, recombination and mutation could be parallelized

using the same idea of partitioning the population and distributing the work among

multiple processors. However, these operators are so simple that any performance

gains would be easily o�set by the extra time required to send individuals back and

forth.

The communications cost also obstructs the parallelization of selection, mainly

because several forms of selection need information about the entire population, and

would require excessive exchanges of information. In any case, selection does not

contribute signi�cantly to the execution time of the GA, and any improvements in

selection would have a very small e�ect overall.

Despite these obstacles, section 3.4 examines an algorithm with a single popula-

tion that is distributed to several processors. In this algorithm, selection and crossover

are parallelized. Although this algorithm requires more communication and is less

e�cient than the simple master-slave described in the next section, it is important

from a theoretical perspective because it resembles the multi-deme algorithms that

occupy most of the remainder of the dissertation.

3.2 Analysis

The analysis of master-slave GAs is divided into two parts. The �rst examines the

execution time during one generation of the algorithm. The primary tradeo� between

computation and communications is identi�ed, and it is used to �nd the con�guration

that minimizes the execution time. The second part of the analysis is concerned with

the e�ciency of the parallel algorithm and the bound on the possible improvements

that should be expected from parallel GAs.
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3.2.1 Execution Time

The calculations presented in this chapter make some simplifying assumptions about

the components of the master-slave algorithm. First, the time consumed by selec-

tion, crossover, and mutation is ignored, because we may assume that it is much

shorter than the time used to evaluate and to communicate individuals. In addition,

the analysis considers that the number of individuals assigned to any processor is

constant, and that the evaluation time is the same for all individuals.

The analysis of the execution time centers on the master processor. Figure 3.2

depicts the sequence of events in every generation. First, the master sends a fraction

of the population to each of the S slaves, using time Tc to communicate with each.

Next, it evaluates a fraction of the population using time
nTf

P , where Tf is the time

required to evaluate one individual, n is the size of the population, and P = S + 1 is

the number of processors used. Implementations where the master stays idle waiting

for the results from the slaves are possible, but they would be slower than when the

master evaluates a portion of the population.

The slaves start evaluating their portion of the population as soon as they receive

it, and return the evaluations to the master as soon as they �nish. The last slave and

the master �nish the evaluation of their shares at the same time, but there is a delay

of time Tc before the master receives the evaluations and can proceed. Considering

all the contributions from communications and computations, the elapsed time for

one generation of the parallel GA may be estimated as

Tp = PTc + nTf

P : (3.1)

As more slaves are used, the computation time decreases as desired, but the

communications time increases. This tradeo� entails the existence of an optimal

number of processors that minimizes the execution time. To �nd the optimal, make
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Figure 3.2: A schematic of the execution of a master-slave parallel GA when the master evaluates

a fraction of the population.

@Tp

@P = 0 and solve for P to obtain

P� =
s
nTf

Tc

; (3.2)

which can be expressed in a more compact form as P =
p
n
, where 
 = Tf=Tc. The

optimal number of slaves is S� = P� � 1.

Until this point, the calculations have assumed that Tc is constant. More often,

the cost of exchanging information between two processors depends on the amount of

information, x. Therefore, a better expression for Tc may be Tc = Bx+L; where B is

the inverse of the bandwidth of the network and L is the latency of communications.

The latency is the overhead per message that depends on the operating system, the

programming environment, and on the particular hardware. Since each slave receives

n=P individuals, the time required to send them to the slaves is Tsend = B
nli

P + L,

and the time to receive the evaluations back is Trec = B

nlf

P + L; where li and lf are

the length of the individuals and of the �tness values, respectively. Estimating the

elapsed time per generation as Tp = STsend+Trec+
nTf

P and optimizing as before, the

optimal number of processors becomes
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P� =
s
n(Tf +B(lf � li))

L

;

which in most cases is not very di�erent from the value given by equation 3.2, because

B is a small number that becomes even smaller as networks get faster. The domi-

nant factor in the communications time is the latency, which is constant. Therefore,

equation 3.2 is a good estimator of the optimal number of slaves and can be used

con�dently to design optimal master-slave GAs.

3.2.2 Speedups and the Bound of Acceptable Parallelism

An important concern when implementing master-slave parallel GAs is that the fre-

quent communications may o�set any gains in computation time. The time that

a simple GA uses in one generation is Ts = nTf , and to ensure that the parallel

implementation is faster than a simple GA the following relationship must hold:

Ts

Tp

=
nTf

nTf

P + PTc
=

n


n


P + P > 1: (3.3)

This ratio is the parallel speedup of the master-slave parallel GA. Solving for


 results in the following necessary condition for better performance in the parallel

case:


 >

P2

n(P � 1)
:

Substituting the minimum number of processors that may be used in parallel

(P = 2) into the equation above results in a very compact condition:


 >

4

n

: (3.4)

It is easy to verify if the condition above is true by measuring Tf and Tc on the

particular computer that might be used to implement the parallel GA.
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Figure 3.3: Theoretical speedups of a master-slave GA varying the value of 
. The thinest line

corresponds to 
 = 1, the intermediate to 
 = 10, and the thickest to 
 = 100. The dotted line is

the ideal (linear) speedup.

The inequality above formalizes the intuitive notion that master-slave GAs do

not bene�t problems with very short evaluation times. The frequent communications

would easily o�set the reduction in the time required to evaluate the population.

However, in most problems of interest the function evaluation time is much greater

than the time of communications, Tf � Tc (
 � 1), and the population size required

to reach an acceptable solution is very large. Therefore, near-linear speedups are

possible in many practical problems.

Figure 3.3 shows the theoretical speedups of a master-slave GA varying the value

of 
. As 
 increases, the range where the speedup is almost linear is wider, and

more processors may be used e�ectively to reduce the execution time. The example

considers a master-slave GA with a population of 1000 individuals, and the speedups

are plotted for 
 = 1; 10; 100. In practical problems, the values of 
 and n may

be higher than those used in the example. The ideal speedup is also plotted as a

reference.

Another concern about implementing parallel algorithms is to keep the processor

utilization high. After all, an algorithm that does not utilize the processing power

in the most e�cient way might not be the fastest parallel algorithm. However, an
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algorithm that utilizes the processors at their maximal capacity is not necessarily the

fastest algorithm either (because it may be performing unnecessary computations).

In any case, the e�ciency of a parallel program is a convenient measure that may

facilitate further analysis, and may serve to discriminate against algorithms that

waste too many resources.

Formally, the e�ciency is de�ned as the ratio of the parallel speedup divided by

the number of processors:

Ef =
Ts

TpP : (3.5)

In an ideal situation, the e�ciency would always be one and the parallel speedup

would be equal to the number of processors used. In reality, the cost of communica-

tions prevents this from happening, and the e�ciency measures the deviation from

the ideal situation. For example, an e�ciency of 0.8 means that the algorithm is

performing at 80% of its ideal potential. Later in this section we shall see that there

is no sense in using an algorithm with an e�ciency of less than 0.5.

Figure 3.4 shows an example that depicts how the e�ciency drops as more proces-

sors are used. The example considers a population of 1000 individuals and 
 = 10.

The ideal speedup and the real speedups (as predicted by equation 3.3) are also

displayed. In this example, the relatively high costs of communications cause the ef-

�ciency to decrease fast, but in situations with a higher 
, the e�ciency would remain

close to one for a wider range of processors (and the speedup would be near-linear).

We may calculate the critical number of processors that maintain a desired e�-

ciency c
Ef by making equation 3.5 equal to c

Ef and solving for P:

Pc =

vuut1� c
Efc

Ef

s
nTf

Tc

; (3.6)
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Figure 3.4: The algorithmic e�ciency (bold line) decreases as more slaves are used. The �gure also

shows the ideal speedup (dotted line) and the speedup with communications.

which is a fraction of the optimal number of processors P�.
An interesting application of this equation is to calculate the critical number of

processors where the e�ciency equals 1 � 1
P . At this point, the deviation from the

ideal e�ciency represents losing one processor to the communications overhead.

To determine this critical number of processors, which we denote as Pl, we sub-

stitute cEf = 1� 1
Pl

into equation 3.6. Simplifying terms yields

P3
l
+ P2

l
=

nTf

Tc

= (P�)2:

Asymptotically, we may ignore the P2
l
term and solve for Pl to obtain

Pl = (P�)2=3 = (
n)1=3: (3.7)

Besides its bene�t as a guide to maintain a high level of processor utilization, the

calculation of the critical number of processors (equation 3.6) permits to calculate the

maximum speedup of master-slave GAs in a simple way. First, realize that Pc = P�

only when

s
1�cEfcEf

= 1, and this may only occur when c
Ef is 0.5 (see �gure 3.4). If

the e�ciency of the algorithm is 0.5 when the optimal number of processors is used,

then using the de�nition of e�ciency
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Ef = 0:5 =
Sp

P� ;

and solving for Sp gives the maximum speedup possible as S�
p
= 0:5P� or

S
�
p
= 0:5

p
n
: (3.8)

This simple calculation represents a lower bound on the potential speedups of

parallel GAs. It is a bound in the sense that other parallel GAs should do no worse

than the simplest master-slave. While it is possible that other parallel GAs cannot

deliver higher speedups, those algorithms should be discarded.

However, there is plenty of room for improvement. At their optimal con�guration,

master-slave GAs have an e�ciency of 50%: half of the time the processors are idle

or are communicating with their peers. Surely, there are other parallel GAs that can

use the available processing power in more e�cient ways and yield solutions of the

same quality in less time. The following chapters explore some of those algorithms

in detail. The next section presents experimental results that validate the accuracy

of the theory for master-slaves.

3.3 Experiments

This section describes experiments with a particular master-slave implementation on

a network of IBM RS 6000 workstations. The workstations are connected by a 10

Mbits/sec Ethernet and all communications are implemented using PVM 3.3. This

is a rather slow communications environment, and no performance improvements

are expected when simple test functions are used. For this reason, the �rst three

sets of experiments use an arti�cial function that can be altered easily to change its

evaluation time (Tf). The fourth set of experiments uses a complex neural network

application that takes a very long time to evaluate.
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1 2 3 4 5 6 Slaves

160

180

200

220

240

Time Slaves Theory Exp.

0 240 253

1 158 173

2 137 130

3 136 146

4 143 140

5 154 156

6 147 167

Figure 3.5: Elapsed time (ms) per generation for the 2 milliseconds problem. The thick line on the

plot is the theoretical predictions and the thin line is the experimental results. On the table, the

numbers with the bold typeface are the minimum execution times.

The arti�cial test problem for the �rst three sets of experiments is a dummy

function that consists in a simple loop with a single addition that can be repeated

an arbitrary number of times. The length of the individuals was set to 80 bytes

and the population size to 120 individuals. The master-slave GA was executed for

10 generations, and the results reported are the average of 30 runs. We determined

empirically that the latency of communications on our system was approximately

Tc = 19 milliseconds.

For the �rst experiment the evaluation time of the test function was set to 2

milliseconds. Using the results of the previous section the optimal number of slaves

may be calculated as as S� =
q

nTf

Tc
� 1 =

q
120(2)

19
� 1 = 2:55: Figure 3.5 shows the

elapsed time per generation of the master-slave parallel GA along with the theoretical

prediction (using equation 3.1). The �rst row of the table is the elapsed time that

a serial GA takes to evaluate the population. Note that the master-slave algorithm

was faster than the serial GA only when three slaves are used.

In the second experiment, the evaluation time of the test function is doubled to

4 milliseconds, and the results are in �gure 3.6. For this case the model predicts that

the optimal number of slaves is S� = 4:02: The evaluation time is doubled again for
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1 2 3 4 5 6 Slaves

200

250

300

350

400

450

Time
Slaves Theory Exp.

0 480 486

1 278 283

2 217 196

3 196 186

4 191 150

5 194 223

6 201 231

Figure 3.6: Elapsed time (ms) per generation for the 4 milliseconds problem. Theoretical predictions

are plotted in bold, and experiments are plotted with a thin line. The bold numbers in the table

correspond to the minimum execution times.

2 4 6 8 10 12
Slaves

300

400

500

600

700

800

900

Time

Slaves Theory Exp.

0 960 946

1 518 520

2 377 356

3 316 280

4 287 263

5 274 223

6 270 220

Figure 3.7: Elapsed time (ms) per generation for the 8 milliseconds problem. Theoretical predictions

are plotted in bold, and experiments are plotted with a thin line. The bold numbers correspond to

the minimum execution times.
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1 2 3 4 5 6 Slaves

1000

2000

3000

4000

Time Slaves Theory Exp.

0 462 461

1 231 236

2 154 165

3 115 112

4 92 89

5 77 76

6 66 65

Figure 3.8: Elapsed times (sec) per generation for the NN problem.

the third test (Tf = 8 ms), and the results of the predictions and experiments are in

�gure 3.7. In this case S� = 6:1. Experiments were only conducted for nine slaves

because only ten computers were available.

The last experiment uses a more complex evaluation function. It is an application

where the GA searched for the weights of the connections of a neural network with

13 inputs, 30 units in the hidden layer, and 5 output units. The objective was to

classify a set of 738 vectors that represent sleep patterns into 5 classes. The evaluation

function decoded the weights from a string of 5150 bytes, tested each of the patterns,

and calculated the percentage of the classi�cations made correctly. The population

size was set to 120 individuals and on our computers each evaluation takes 3.85

seconds, which makes this problem an ideal candidate for the master-slave method.

As we can see in �gure 3.8 the total elapsed time decreased linearly with the number

of slaves because the time used in communications was only a small fraction of the

total time. In fact, the communications overhead is so small that for this problem

S� = 151 processors.
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3.4 A Distributed Panmictic Population

An alternative to store the entire population in one master node is to distribute

the population to several processors. The algorithm has to be modi�ed so that

the distributed population behaves as a single panmictic unit. The form of the

execution time of the algorithm with a distributed population is very similar to the

time of a simple master-slave algorithm, so the calculations in this section are very

similar to section 3.2. Moreover, the calculations are also important on another

front: the algorithm with a distributed panmictic population resembles a bounding

case of multi-deme parallel GAs, and therefore the predictions shed some light on the

expected performance of this class of algorithms.

Let n denote the population size required to reach the desired quality in a partic-

ular problem. The population is partitioned into equally-sized parts and distributed

to P processors. In every generation, all the nodes perform the four basic GA tasks

on their fraction of the population: �tness evaluation, selection, crossover, and mu-

tation. The evaluation of �tness and mutation are not an issue because they can

be performed on each fraction of the population independently. However, to en-

sure that the distributed population behaves as a panmictic one, the selection and

crossover operations must be modi�ed. We begin the presentation of the algorithm

with the parallel implementation of crossover, because ensuring that every individual

is considered exactly once is straightforward.

In a sequential GA, each selected individual forms part of exactly one mating

pair per generation. The pairs are formed randomly, and any two individuals in the

population may be chosen to mate. To maintain this property in the parallel GA, each

of the P processors randomly divides its fraction of the population into P equally-

sized parts and sends each part to a di�erent processor. These communications take

time Tx = (P � 1)Tc, where Tc is the average time used to communicate with one

processor. The processors incorporate the incoming individuals into their fractions
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of the population by replacing the individuals sent to a particular deme with the

individuals received from it. Then, each processor randomly chooses pairs of mates,

and proceeds to exchange material between them. There are, of course, other ways

to preserve the panmictic property in a distributed population (e.g., (Braud & Vrain,

1999)), but the calculations would be similar.

The required modi�cations to selection are speci�c to the selection method used.

To illustrate the modi�cations we consider tournament selection only, but other types

of selection may be used. Recall that tournament selection without replacement works

by choosing non-overlapping random sets of s individuals from the population, and

then selecting the best individual from each set to serve as a parent for the next

generation. There are n=s such sets, and each tournament produces one winner;

therefore, to generate all the parents for the next generation, it is necessary to repeat

this procedure s times. Any individual in the population may participate in any given

tournament, and the key idea in the parallel algorithm is to maintain this property.

The �rst step in the parallel selection consists on each processor randomly dividing

its fraction of the population into P equally-sized parts, and sending a di�erent part

to every other processor. These communications take time (P�1)Tc. The processors

receive and incorporate the individuals into their fraction of the population. Then,

each processor picks random non-overlapping sets of s individuals to compete in

tournaments. Note that the individuals who participate in a given tournament may

have been received from any processor, or may have been already present in the

processor. In any case, all the individuals in the population have the same chance to

participate in a given tournament, just as they do in the serial case. To select all the

parents for the next generation, the process has to be repeated s times, and therefore

the total communication time is Ts = s(P � 1)Tc.

The computation time per node is simply
nTf

P . Communications are used during

both selection (Ts) and crossover (Tx). The general form of the time used in commu-

nications during selection is Ts = �s(P � 1)Tc, where �s is a constant that depends
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on the selection method. In the case of tournament selection �s equals the size of the

tournament, s. The communication time used during crossover is Tx = (P � 1)Tc, so

we may write the total time used in communications as (�s + 1)(P � 1)Tc. To sim-

plify the calculations we de�ne � = �s+1. Adding computation and communications

times we obtain the total execution time per generation:

Tp =
nTf

P + �(P � 1)Tc: (3.9)

As before, when more processors are used there is a tradeo� between decreasing

computations and increasing communications. Solving
@Tp

@P = 0 for P we obtain the

optimal number of processors that minimize the execution time:

P� =
s
nTf

�Tc

: (3.10)

In the case of a traditional master-slave algorithm there is only one communica-

tions event per generation (� = 1), and the result above agrees with the calculations

in section 3.2.

Although there are multiple communications per generation, in most practical

situations the function evaluation time is much greater than the time of communica-

tions, Tf � Tc, and the population size required to reach an acceptable solution is

very large. Under those conditions, the optimal number of processors can be quite

large and we can expect near-linear speedups for a wide range of processors.

3.5 Summary

Master-slave parallel GAs are easy to implement, and all the theory on simple GAs

can be used to choose adequate values for the search parameters. However, master-
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slave GAs are sometimes ignored because the cost of communications seems insur-

mountable. The analysis of this chapter showed that for many applications the re-

duction in computation time is su�cient to overcome the communications cost. Also,

the calculations presented here should be useful to design fast master-slave GAs that

utilize the computing resources in the best possible way.

The main contribution of this chapter is to present a lower bound on the per-

formance gains that are acceptable in any parallel GAs. More sophisticated single-

population GAs or multi-population parallel GAs should do better than the simple

case examined here or they should be abandoned. The calculations are simple and

they are easy to calibrate to consider the hardware and the particular domain.

The chapter also presented a GA with a single distributed population. The al-

gorithm is less e�cient than the simple master-slave, but it is important because

it resembles a GA with multiple communicating populations. The analysis of this

algorithm is straightforward, and reveals that the optimal number of processors is of

the same order as the master-slave.
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Chapter 4

Bounding Cases of Multi-Deme GAs

The �rst part of the dissertation discussed the design of single-population GAs. The

second part investigates multi-deme parallel GAs and begins with this chapter. Multi-

deme parallel GAs are also called \coarse-grained" or \distributed" GAs, because

the communication to computation ratio is low, and they are often implemented on

distributed-memory computers. They are also known as \island model" GAs because

they resemble a model that is used to describe natural populations that are relatively

isolated from each other, as in islands. Both in the island model and in the GAs,

individuals may migrate occasionally to any other population.

As we saw in the introduction, the design of multiple-deme parallel GAs involves

di�cult and interrelated choices. The three main issues are to determine (1) the size

and the number of demes, (2) the topology that interconnects the demes, and (3) the

migration rate that controls how many individuals migrate. These three dimensions

of the problem are a natural decomposition that will be used in the remainder of this

thesis. Additionally, one has to decide how to choose migrants and how to replace

existing individuals in a deme, but these issues do not arise in the bounding cases

considered in this chapter.

Most studies of parallel GAs are empirical investigations that concentrate on the

choices of migration rates and topologies, and treat the population-sizing issue as a

secondary problem. However, since the population size largely determines the quality

of the solution (Goldberg, Deb, & Clark, 1992; Harik, Cant�u-Paz, Goldberg, & Miller,

1997) and the duration of the run (Goldberg & Deb, 1991), it is only natural that
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our study of multiple-deme parallel GAs begins by addressing this issue.

However, we cannot ignore the importance of topologies and migration rates,

because they have unknown e�ects on the e�ciency and on the quality of the solu-

tions reached by the parallel GAs. These parameters have minimum and maximum

bounding values, and by studying parallel GAs that use the extreme values we may

gain some insight into the e�ects of these parameters. To make progress in the study

of deme sizes we consider two idealized bounding cases. The �rst bound is a set

of simple GAs running in parallel with no interactions between them. The model

for the completely isolated case is a straightforward extension of the gambler's ruin

model introduced in chapter 2. In the second bounding case each deme exchanges

individuals with all the others, and the migration rate is set to a maximum value.

Although it is likely that users set the connectivity and the migration rate to

intermediate values, the bounding cases serve as indicators of the performance of

parallel GAs. Once the simpli�cations and assumptions used in this chapter are

shown to be viable, the models will be specialized later.

The next section is a brief review of related work on multi-deme parallel GAs.

Section 4.2 extends the gambler's ruin model to calculate the deme size for the isolated

case and section 4.3 considers fully connected demes. Experiments are presented

alongside the theory to validate its accuracy.

4.1 Background

Despite the di�culties in their design, multi-deme parallel GAs have been very popu-

lar, and the literature contains many reports of successful implementations. However,

there are only a handful of studies that characterize the quality and e�ciency of this

class of algorithms; further examples can be found elsewhere (Cant�u-Paz, 1998).

Grefenstette (1981) was probably the �rst to describe a multiple-deme parallel

GA. In his algorithm, the best individuals from each deme are broadcast every gen-
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eration to all the others. The complexity of coarse-grained parallel GAs was evident

from this early proposal and Grefenstette raised several \interesting questions" about

the frequency of migration, the destination of the migrants (topology), and the e�ect

of migration on preventing premature convergence.

Grosso (1985) was the �rst to observe some of the phenomena that continue to

appear in the literature. He found that the rate of �tness improvement was faster in

a population divided into demes than in a single panmictic population. But when

the demes are isolated, the �nal solution's quality was lower than that reached by the

single large population. Grosso experimented with a wide range of migration rates,

and observed that with intermediate settings the partitioned and the panmictic pop-

ulations reached solutions with the same quality. In his experiments, migrations

occurred every generation, and the migrants and their destinations were selected

randomly. Grosso also tried a \delayed" migration scheme in which communications

began only after the demes were near convergence. At that point, the demes ex-

changed individuals with a high migration rate. The delayed scheme reduced the cost

of communications and resulted in solutions of the same quality as those obtained

with frequent migrations. Later, this chapter presents an analysis of the solution

quality that can be reached by an algorithm with a similar migration scheme.

Braun (1990) used a similar idea and presented an algorithm where migration

occurred after the demes converged completely (the author used the term \degen-

erate") with the purpose of restoring diversity into the demes to prevent premature

convergence to a low-quality solution. Later, Munetomo, Takai, and Sato (1993) also

adopted a similar migration strategy.

Tanese initiated the systematic study of migration and its e�ects on the e�ciency

and quality of parallel GAs (Tanese, 1987; 1989a; 1989b). Her experimental method

consisted in dividing a �xed number of individuals into equally-sized demes, and to

vary the migration rates and the migration intervals.

Tanese's experiments showed that medium migration rates are necessary to �nd
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solutions of the same quality as with a serial GA. A migration rate too low or too

high would result in lesser solutions. Like Grosso, Tanese also examined completely

isolated demes and found that the solutions were generally inferior to those found

by a serial GA or by the parallel GA with migration. In terms of the e�ciency of

the parallel algorithm, she found that \near-linear" speedups can be obtained when

migration is infrequent and the migration rate is low.

Implicit in Tanese's experimental method is the assumption that several small

populations can be compared fairly against one aggregate population. Keeping the

total number of individuals constant seems to be an adequate premise for a fair ex-

perimental design, but since the quality and cost depend non-linearly on the deme

size, neither the cost or the quality were held constant in the experiments. Unfortu-

nately, others also treat the questions of e�ciency and quality separately, and|not

surprisingly|reports of linear, quasi-linear, or super-linear speedups appear con-

stantly in the literature. For example, Belding (1995) recently con�rmed Tanese's

�ndings on the e�ects of migration on quality, and he showed superlinear speedups

for up to 32 processors. The controversial claims of superlinearity in parallel GAs

will be considered further in the next chapter.

Nevertheless, Tanese's groundbreaking study identi�ed many of the important

issues for the correct design of parallel GAs: the choice of one or many populations,

the frequency of migrations, and the migration rate. In addition, she studied how

the migration parameters a�ect the loss of allele diversity. To prevent the premature

loss of useful solutions, she proposed to set the GA parameters di�erently in each

population, forcing some populations to converge slower than others. Diversity is pre-

served longer in the slowly converging populations, and migration would reintroduce

diversity into the populations that were set to converge fast. Later, others would

adopt this idea (e.g., (Lin, Punch, & Goodman, 1994)).

This chapter uses an approach that di�ers from most investigations of parallel

GAs. It acknowledges that the problems of solution quality and algorithmic e�ciency
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are strongly related, and the analysis considers them simultaneously. This is the main

reason why some of the results of this chapter and the next may disagree with the

results of others.

4.2 Isolated Demes

The �rst bounding case of parallel GAs considers that the demes evolve in complete

isolation. Without communication, the migration rate is zero, and this is clearly a

lower bound. Also, no connections between the demes represent a lower bound in the

connectivity of the topology.

4.2.1 Expected Quality and Deme Size

The �rst step in the analysis is to determine the target quality P̂ required in each

deme. We may be conservative and use the required solution's quality Q̂, but in a

run with multiple demes the chance that at least one of them succeeds increases as

more demes are used. Therefore, the deme's target quality can be relaxed, and the

following paragraphs show how to compute that relaxation.

The quality of the solution is measured as the number of partitions that converge

correctly (X), and under the assumption that partitions are independent from each

other, the quality has a binomial distribution with parameters m and Pbb. We may

write the qualities of the solutions of the r demes in ascending order as

X1 � X2 � ::: � Xr:

These are the order statistics of the quality of the solution, and we are interested

in designing the parallel GA so that the expected value of Xr (the best solution found

by the r demes) be equal to Q̂. Unfortunately, there is no closed-form expression for

the mean values of the maximal order statistics of samples greater then �ve, but

these values have been tabulated extensively for the standard normal distribution
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(see table 4.1, taken from (Harter, 1970)). To take advantage of this, the binomial

distribution of the quality may be approximated with a Gaussian distribution, and

the number of partitions correct is normalized as zi =
Xi�mPbbp
mPbb(1�Pbb)

. The expected

quality of the best deme is E(zr) = �r:r, where �r:r denotes the mean of the highest-

order statistic of a standard normal distribution. The expected value of Xr is

Q̂ = E(Xr) = mPbb + �r:r

q
mPbb(1� Pbb): (4.1)

Note that the expected quality in one deme is mPbb, so the bene�t of using multi-

ple isolated demes is given by the second term of the equation above. Unfortunately,

�r:r grows very slowly as r increases, and therefore the quality in the best deme is

only slightly better than the quality reached by a single deme. Actually, we can easily

bound E(Xr) by realizing that Pbb(1� Pbb) is maximal when Pbb = 0:5, so

Q̂ = E(Xr) � mPbb +
�r:r

2

p
m: (4.2)

We ignore the inequality and solve this equation for Pbb to obtain the required

probability of success per deme as

P̂ =
Q̂

m

� �r:r

2
p
m

: (4.3)

This equation clearly shows how the required probability of success per deme

is relaxed as more demes are used. It may be approximated asymptotically using

�r:r �
p
2 ln r (Beyer, 1993) as1

1I discovered, almost accidentally, that �r:r can be approximated more accurately as �r:r =pp
2 ln r. However, this does not change the conclusions of this section.
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r 1 2 4 8 16 32 64 128 256

�r:r 0 0.5642 1.029 1.423 1.766 2.069 2.343 2.594 2.826

Table 4.1: Expected values of the highest order statistic �r:r of a normal distribution with zero

mean and unit standard deviation for representative values of r.

P̂ =
Q̂

m

�
p
ln rp
2m

;

which shows that P̂ decreases very slowly with respect to r.

To �nd the deme size we use the gambler's ruin problem in a manner similar to

section 2.3. We must now solve P̂ = Pbb = 1�
�
q

p

�nd=2k
for nd, and the result is

nd =
2k ln(1� P̂ )

ln
�
q

p

� ; (4.4)

which can be approximated in terms of the domain signal and noise as

nd = 2k�1 ln(1� P̂ )
p
�m

0�bb

d

: (4.5)

This equation is similar to the population size of the simple GA found in sec-

tion 2.3. The only di�erence is that the quality required to succeed now (P̂ ) is

slightly smaller than before (Q̂=m) (Note that P̂ is equal to Q̂=m when r = 1).

4.2.2 An Di�erent Derivation

Cant�u-Paz and Goldberg (1997) used a di�erent formulation to reach the same result

of the previous section. Here we will show that their approach is equivalent to the

one presented in the previous section.

The premise of their method is that the probability that one deme reaches the

desired solution increases as more demes are used. De�ne Pm as the probability that
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one deme �nds the desired solution Q̂, then (1�Pm)
r is the probability that none of

the r demes succeeds. Thus, the probability that at least one of the demes reaches

the solution is

Ps = 1� (1� Pm)
r
: (4.6)

Let B(x) denote the CDF of a binomial distribution with parameters m and

Pbb. The probability that a deme converges to a solution with at least Q̂ out of m

partitions correct may be calculated as Pm = 1�B(Q̂): Substituting this form of Pm

into equation 4.6, and simplifying results in

Ps = 1� Br(Q̂) (4.7)

Section 2.3 showed how to compute the population size needed by the simple

GA to reach a solution with an average of Q̂ out of m BBs correct. An equivalent

result may be found by solving Pm = 0:5 for n, because the binomial distribution

is symmetrical around the mean. To be fair and compare the two algorithms at the

same success probability, the parallel deme size has to be found solving Ps = 0:5 for

n. Making Ps = 1� Br(Q̂) = 0:5 and simplifying gives

Ps = Br(Q̂) = 0:5:

The left hand side of the equation is the CDF of the highest-order statistic of

a binomial distribution. The problem is to determine the point where this CDF

reaches 0.5. In other words, the problem is to determine the mean of the highest-

order statistic, which is the same problem solved in the previous section.

Before examining the other bounding case where the demes communicate with

all others, the next section presents empirical evidence that validates the results for

59



10 20 30 40 50
Pop size

0.6

0.7

0.8

0.9

1

Proportion BBs

10 20 30 40 50
Pop size

0.6

0.7

0.8

0.9

1

Proportion BBs

Figure 4.1: Theoretical predictions and experimental results for the proportion of partitions correct

in the best isolated deme. The graph shows results using 1,2,4,and 8 demes (from right to left), and

considers a one-max function with 100 BBs.

the case with isolated demes.

4.2.3 Experiments

The experiments in this chapter use a simple GA with pairwise tournament selection

and a crossover operator without excessive disruption. As such, the crossover operator

was domain-dependent, and the choice is speci�ed as each problem is presented. In

all cases, the crossover probability is set to 1.0, and the mutation probability is zero.

The results presented are the average over 100 independent runs. The experiments

were performed on a simulated parallel environment consisting of eight IBM RS6000

workstations connected by a 10 Mbps Ethernet. A virtual parallel computer was

simulated using PVM 3.3.

The �rst test problem is a one-max function withm = 100 bits. Uniform crossover

is used because it provides good mixing of BBs, and BB disruption is not an issue

because the BBs have length equal to one. Figure 4.1 compares the theoretical

predictions for the proportion of BBs with experimental results using 1, 2, 4, and 8

demes.

The second test function is based on the 4-bit trap function described in chap-

ter 2. Since the BBs in this function are longer than in the one-max problem, a

two-point crossover operator was chosen to avoid the excessive disruption of uniform
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Figure 4.2: Theoretical predictions and experimental results for the proportion of partitions correct

in the best isolated deme. The graph shows results using 1,2,4,and 8 demes (from right to left), and

considers a 4-bit trap function with 20 BBs.
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Figure 4.3: Theoretical predictions and experimental results for the proportion of partitions correct

in the best isolated deme. The graph shows results using 1,2,4,and 8 demes (from right to left), and

considers a 8-bit trap function with 10 BBs.

crossover. Figure 4.2 presents the prediction of the proportion of partitions correct

along with the experimental results. The third set of experiments used an 8-bit trap

function, and the GAs were con�gured to use one-point crossover. The predictions

and empirical results are displayed in �gure 4.3.

In all the experiments the model predicts accurately a small increase in quality

as more demes are used.

4.3 Fully Connected Demes

Executing demes in complete isolation is clearly a bound for parallel GAs, as the

migration rate is zero, and there are no connections between the demes. This section
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examines the opposite extreme of the connectivity and migration rate spectrum where

every deme exchanges individuals with all the others and the migration rate is set to

its maximum value. The other important free parameter is the migration frequency,

and following the methodology of this dissertation we will study the two bounding

cases for this parameter.

The upper bound of the frequency of migration is to exchange individuals every

generation. This extreme case represents the most intense communication possible:

fully connected demes, maximal migration rates and communication occurs every

generation. Notice that the algorithm with a distributed panmictic population de-

scribed in section 3.4 resembles this bounding case; in that algorithm each processor

executes essentially a complete GA (�tness evaluation, selection, crossover, and mu-

tation), and there is an exchange of individuals every generation. The topology of

communication is a fully connected graph, because each processor exchanges individ-

uals with every other during selection and crossover, and the number of individuals

exchanged is n=P, which corresponds to the maximal migration rate. Section 3.4

presented how to estimate and minimize the execution time of this algorithm.

However, the distributed population algorithm has multiple communications per

generation and this is its major di�erence with multi-deme GAs, which have at most

one migration event in a generation. In multi-deme GAs, migrations occur after (or

before) the selection-recombination-mutation sequence. This means that selection

and recombination consider only a subset of the population, and the search may

be biased toward some region of the search space. Apparently there have been no

studies of this bias, but it may be not very strong if migration occurs as often as

every generation.

Another di�erence is that in multi-population algorithms the migrants and the

individuals that they replace can be chosen in di�erent ways. In particular, the (out-

going) migrants can be the best individuals in the population, or they may be chosen

randomly. Likewise, when migrants arrive at a deme, they may replace individuals
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randomly or they may replace the worst. Each of these decisions a�ects the speed

of convergence, except when both the migrants and the individuals they replace are

chosen randomly (Cant�u-Paz, 1999a; 1999b), which was the case used in the dis-

tributed panmictic algorithm. If a di�erent migration policy is used, the multi-deme

algorithm may converge faster.

The di�erences between the distributed panmictic population and fully connected

demes that communicate every generation with the maximal migration rate are very

small, and we can expect that they reach solutions of the same quality (which can be

predicted with the gambler's ruin model). If this is the case, then the calculations in

section 3.4 are appropriate for this bounding case.

The remainder of the dissertation considers multi-deme GAs that use the lower

bound of the migration frequency. At this bound, migration occurs after the demes

have converged (i.e., all the individuals in each deme are identical, not necessarily

representing an optimal solution). After convergence, each deme partitions its pop-

ulation into r mutually exclusive sets, and exchanges the individuals of the i-th set

with the i-th deme. The demes restart after migration, and execute the GA oper-

ations until they converge again. One advantage of this bounding case is that the

communication costs are very low when individuals migrate after convergence be-

cause communications are very infrequent, and because it is su�cient to send one

individual and replicate it as necessary at the receiving deme.

The time to the �rst convergence of each deme is referred to as the �rst epoch of

the parallel GA. The second epoch starts after migration and �nishes when each deme

converges again. This section considers only the �rst two epochs of the algorithm;

chapters 6 and 7 extend the analysis to multiple epochs.

4.3.1 Success Probability and Population Size

Recall that the probability that a partition converges to the correct value in a GA

with a single population is predicted by the solution to the gambler's ruin problem:
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Pbb = 1�
 
q

p

!x0

;

where x0 is the expected number of BBs present initially. When the demes converge

the �rst time, a partition either has nd copies of the correct BB with probability

Pbb, or it has nd copies of the wrong BB with probability 1� Pbb. After convergence

each deme receives nd=r migrants from every other deme. Some of those migrants

contain the wrong BB, but some have the correct one. Therefore, after migration each

partition has on average nPbb copies of the correct BB, which means that the second

epoch starts from a better starting point than the �rst. To calculate the probability

that the deme converges correctly this time the gambler's ruin model may be used

again; we only need to replace x0 with the new starting point as follows:

Pbb2
= 1�

 
q

p

!ndPbb

: (4.8)

Calculating this probability is the critical part of the analysis, now we can use it

to �nd the expected number of partitions correct in the best deme as

E(Xr) = mPbb2
+ �r:r

q
mPbb2

(1� Pbb2
): (4.9)

This equation shows that there are two bene�ts from using multiple connected

demes. As in the isolated case, the expected quality of the best deme increases by

a factor of �r:r, but we saw before that this is not a big di�erence. The major

improvement comes from the expected quality in each deme (mPbb2
) which is much

greater than in the simple GA or the isolated demes, because the second epoch begins

from a better starting point.

The required deme size for the fully connected topology will be calculated next
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using a procedure similar to the one used for the isolated case. The �rst step is to

calculate the relaxation of the quality required in each deme so that the best of the

demes reaches the desired solution. This was already done in the previous section,

and the result is denoted by P̂ (equation 4.3). The second step is to solve P̂ = Pbb2

for the deme size, nd.

We would like to use equation 4.8, but the Pbb in the exponent depends on nd,

making it impossible to obtain a closed-form expression for nd. Instead, equation 4.8

has to be approximated and the deme size will be derived from the approximation.

Equation 4.8 can be rewritten exactly as: Pbb2
= 1� (1� c)ndPbb where c = 1� q=p,

and in this form Pbb2
can be approximated as

Pbb2
� 1� exp(�cndPbb): (4.10)

Similarly, Pbb can be rewritten exactly as Pbb = 1� (1� c)n=2
k

and approximated

as Pbb � 1�e
�cn=2k . Using the �rst two terms of the Maclaurin series for e�x = 1�x,

Pbb can be approximated roughly as Pbb � cn

2k
. Substituting this form of Pbb into

equation 4.10 results in

Pbb2
� 1� exp

 �c2n2
d

2k

!
: (4.11)

With this form of Pbb2
, we can now solve P̂ = Pbb2

and �nd a deme-sizing equation

nd =

q
�2k ln(1� P̂ )

1� q

p

; (4.12)
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which can be approximated in terms of the domain signal and noise as

nd =
q
�2k ln(1� P̂ )�m0�bb

2d
:

The deme size depends on the square root of 2k ln(1 �d
Pbb) as opposed to the

case for isolated demes where the deme size is directly proportional to this term.

Although the approximation is coarse, this equation clearly shows that a parallel

GA with migration needs much smaller demes, which in turn represent a substantial

reduction of the time the GA uses in computations.

4.3.2 Experiments

As with the isolated demes case, the one-max and two deceptive trap function are

used to test the model for the fully connected topology. The experiments use 4 and

8 demes with their corresponding maximal migration rates of 25% and 12.5%.

Figure 4.4 shows the predictions of the average proportion of BBs correct (Pbb2
)

against the population size for a 100-BB one-max function. As discussed before, the

one-max problem is very easy for GAs and small population sizes are su�cient to

�nd solutions of high quality. Also, note that when using 8 demes and a migration

rate of only 12.5%, migration is not expected to occur for population sizes smaller

than 12 individuals. This is evident on the left portion of �gure 4.4 where the theory

predicts a better convergence quality of the GA for low population sizes. Once the

population size is large enough to make migration possible, the GA performs in better

accordance with the model.

The results for the experiments with the trap functions are plotted in �gures 4.5

and 4.6. These functions require larger population sizes than the one-max, and thus

the gap between the prediction and the experimental results at low population sizes

is much smaller. Also, the approximation of the initial starting point of the second

iteration becomes better as more demes are used. For this reason, the model predicts
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Figure 4.4: Theoretical predictions and experimental results for a one-max function with 100 BBs.

Theoretical predictions are in bold.

more accurately the performance of the parallel GAs with more demes.

4.4 Summary

The analysis presented in this chapter recognizes that the design of parallel GAs is

a complex problem, and that the choices of topologies, migration rates, number of

demes, and their size are intimately related. To make progress on the deme sizing

problem without ignoring the other choices, the analysis used bounds on the topolo-

gies and migration rates.

The starting point of the analysis was to calculate the relaxation of the target

quality per deme. Then it was possible to compute the expected quality of the best

deme for each bounding case, and those results were combined with the gambler's

ruin model to derive deme-sizing equations. Finally, the accuracy of the models was

veri�ed with experiments.

An important result of the analysis is that the population size decreases very

modestly when there is no communication between the demes. But when the demes
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Figure 4.5: Theoretical predictions and experimental results for a 4-bit trap function with 20 BBs.

Theoretical predictions are in bold.
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Figure 4.6: Theoretical predictions and experimental results for a 8-bit trap function with 10 BBs.

Theoretical predictions are in bold.

68



communicate, the required deme size is much smaller. The next chapter examines

how these reductions of the deme sizes translate into cost savings. Chapter 6 will

extend the analysis of the fully connected case to consider multiple epochs, and

chapter 7 will considered other topologies and reduced migration rates.
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Chapter 5

Parallel Speedups of the Bounding Cases

This chapter shows how to calculate the parallel speedups of the two bounding cases

introduced in the previous chapter. The results show that the speedup is not very

signi�cant when the demes are isolated, but there is a substantial improvement in

performance when the demes communicate. Moreover, in the fully connected case

there is a combination of number of demes and deme size which together minimize

the parallel speedup, and this chapter shows how to calculate it.

The chapter begins with a discussion about the controversial claims of superlinear

speedups in parallel GAs. Then, sections 5.2 and 5.3 present the calculations of the

speedup of isolated and fully-connected demes, respectively. The chapter ends with

a brief summary in section 5.4.

5.1 Parallel Speedups

The general purpose of parallel computation is to reduce the time necessary to reach a

solution in a particular problem. To measure the bene�t of using a parallel algorithm

we may calculate the gain in execution time that results from using multiple proces-

sors. This gain is usually normalized with respect to the serial time, and expressed

as the parallel speedup of the algorithm.

In the GA community there has been some controversy about parallel speedups.

One of the primary points of disagreement are the frequent claims of superlinear

speedups (i.e., the execution time of the parallel GA is reduced by a factor greater
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than the number of processors used). The remainder of the section addresses these

claims, and describes how the speedups are measured in this investigation 1.

In general, to make a fair comparison between any serial and parallel programs

the two must give exactly the same result; and in the case of stochastic algorithms

like GAs, a fair comparison must be based on the expected quality of convergence. As

discussed in the previous chapter, some claims of superlinear speedups are suspicious

because serial and parallel GAs were compared without explicitly considering the

quality of the solutions. Sometimes an experimental design that seems fair because

it holds constant one of the important variables (like the total number of individuals in

Tanese's study) is inadequate because the solution quality is not guaranteed to be the

same. The analysis in this chapter avoids this problem, and makes fair comparisons

of serial and parallel GAs by using the models presented in the previous chapter,

which predict the deme sizes needed to obtain on average a solution of the desired

quality.

Another reason to suspect the claims of superlinear GAs is an argument commonly

used in parallel processing to dismiss superlinearity in general. The argument is

that if all the tasks of a parallel program are executed on a single processor, the

total execution time cannot be less than the execution time of a serial program that

performs the same computations. As Punch (1998) points out, the key point is the

assumption that the serial and parallel GAs execute the exact same tasks.

In this view, the only possible explanation of superlinear speedups is that the

parallel GA does not execute the same amount of work as the serial GA. Somehow

it executes less. Unfortunately, the current explanations of the reduction of work are

1We ignore the \trivial" explanations of superlinear speedups that arise from details of particular

implementations. In particular, it is possible that small demes �t completely in the processors'

caches, reducing the memory access times so much as to produce superlinear speedups. This was

an explanation o�ered by Belding (1995) about his results. Another case that we ignore is the use

of the parallel code to obtain timings for the serial case. This may arti�cially in
ate the serial

execution time with unnecessary operations.
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not satisfactory. While some studies recognize that the choices of migration rates,

frequency of migration, choice of migrants and topology have some e�ect on the

amount of work, they fail to ask why the work is reduced sometimes.

What causes multiple-deme GAs to do less work than GAs with a single popula-

tion? This is a very complex question that requires further research, and its complete

exploration is outside the scope of this dissertation. Here, we brie
y examine two

possible reasons.

First, it is very likely that multiple populations evolve to di�erent regions of

the search space, and therefore migration may introduce to each deme individuals

that are di�erent from the native ones. The increased diversity in each deme may

have two e�ects. One is that the increased diversity will delay the convergence of

the algorithm. This may give enough time2 to the crossover operator to mix BBs

together into solutions of higher quality than those reachable by a simple GA with an

aggregate population (Goldberg, 1998). This means that the demes may be reduced

and still reach the same solution as the serial GA, and, in some cases, the reduction

may be su�cient to obtain superlinear speedups. The other e�ect of introducing

diverse individuals to a deme is that it may be possible to evolve partial solutions

independently in di�erent demes and integrate them after migration (Whitley, Rana,

and Heckendorn (1999) have reported some promising work about this possibility

considering separable functions). In this case, it is also possible to reduce the deme

sizes because it is not necessary to solve the entire problem at once.

A second possible explanation of the reduction of the work in multi-deme GAs

is that the selection pressure is a�ected by the choice of migrants and by how they

replace individuals at the receiving deme (Whitley, 1993b). It has been established

that higher selection pressures cause faster convergence (see for example the papers

2See the papers by Goldberg, Deb, and Thierens (1993) and Thierens and Goldberg (1993) for a

discussion on the time required to mix BBs into good solutions and the relation of this \innovation

time" with the success of the search.
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by M�uhlenbein and Schlierkamp-Voosen (1993) and B�ack (1994)), but until recently

the e�ect of the migration policy on the selection pressure has not been studied

(Cant�u-Paz, 1999a; 1999b).There are two choices to select the individuals that mi-

grate: choose them randomly or pick the best individuals in the population. Likewise,

there are two choices at the receiving deme to replace existing individuals with the

incoming migrants: choose randomly or replace the worst. The issue is that when mi-

grants or replacements are chosen according to their �tness, the algorithm's selection

pressure increases, and therefore the populations converge in fewer generations.

Each of the four combinations of migrant selection and replacement results in a

di�erent selection pressure. The pushiest scheme is to select the best individuals to

migrate and replace the worst, because �tness-based selection is performed in both

the sending and receiving demes. This is the scheme commonly used in multiple-deme

GAs, and it may cause superlinear speedups if the parallel GA is improperly com-

pared against a serial GA with the original|weaker|selection pressure. Cant�u-Paz

(1999) presents detailed calculations of the selection intensity under di�erent migra-

tion policies and an example of an inappropriate comparison of serial and parallel

GAs.

The issues of improved mixing and higher selection pressure do not appear in the

algorithms examined in this thesis. These two e�ects of migration can only occur

when the demes exchange individuals before they converge, and this investigation

considers that migration occurs after convergence.

Besides superlinear speedups, another source of controversy is that often it is not

clear how performance is measured. Sometimes it is convenient to use the number

of function evaluations, because di�erent algorithms may be compared regardless of

their implementation details. More often, the performance is measured by recording

the wall-clock time, so all the components of the execution time (especially com-

munications) are accounted. This is a fair measure, and it is the one used in this

study.
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The analysis assumes that there is one processor for every deme, so the parallel

execution time, Tp, is the time used by one deme to complete its tasks (compu-

tations and communications). Another assumption is that the computation time is

dominated by the time used to evaluate the objective function. The GA operations|

selection, crossover, and mutation|are relatively simple, and thus the analysis ig-

nores them.

5.2 Isolated Demes

When the demes are isolated the communication time is null, and only the compu-

tation times are necessary to calculate the expected speedup. In every generation

the GA evaluates all its population, and the number of generations until convergence

may be assumed to be a domain-dependent constant, g. Holding the quality constant

the speedup for isolated demes is

Sp =
gn

gnd

=
n

nd

: (5.1)

Substituting the population sizes for the serial and isolated parallel GAs (equa-

tions 2.7 and 4.4, respectively) into equation 5.1 and simplifying terms gives a simple

equation for the speedup (Cant�u-Paz & Goldberg, 1997):

Sp =
ln(1� Q̂

m
)

ln(1� P̂ )
: (5.2)

The accuracy of this equation was veri�ed with experiments using the two de-

ceptive trap functions. The demes used pairwise tournament selection, the crossover

probability was set to 1.0, and the mutation probability was zero. As before, two-

point and one-point crossover were used for the 4-bit and 8-bit trap, respectively.
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Figure 5.1: Predicted and experimental speedups for deceptive trap functions using 1 to 16 isolated

demes. The thin line shows the experimental results and the thick line is the theoretical prediction.

The quality demanded in both cases was to �nd 80% of correct BBs.

For each deme count (r = 1; 2; :::; 16), the deme size was increased until at least one

of the demes found a solution with at least 80% of correct BBs. At this point, we

recorded the number of function evaluations. The results shown in this section are

the average over 100 independent runs. The theoretical predictions for the parallel

speedup along with the experimental results are plotted in �gure 5.1. It is evident

from the �gure that there is only a modest advantage in using more isolated demes,

and in practice this bounding case should be avoided.

5.3 Fully Connected Demes

The speedup is expected to be greater in this case than with isolated demes, because

the deme size required to reach a desired solution is substantially smaller. However,

the cost of communications will partially o�set the reduction in computation time.

The time that each deme uses to communicate with the other r � 1 demes is

(r�1)Tc; and the time used in computations is gndTf , where g represents the number
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Figure 5.2: Charactering the parallel population size with a general power-law function. The thin

line is the population size obtained with equation 4.12 and the bold line is the power-law model

with adequately chosen constants.

of generations until convergence, nd is the deme size, and Tf is the time required to

evaluate each individual. Therefore, the execution time of the parallel program may

be estimated as

Tp = gndTf + (r � 1)Tc: (5.3)

At this point we can observe that as more demes are used there is a tradeo� be-

tween increasing communication cost and decreasing computations (because smaller

deme sizes are needed). This tradeo� entails the existence of an optimal number of

demes that minimizes the parallel time. The rest of this section deals with �nding

the optimum.

To optimize the parallel time, we set
@Tp

@r
to zero and solve to obtain the optimal

number of demes. Unfortunately, the derivative cannot be solved analytically for r

and to make progress in the optimization of speedups we need to characterize the

parallel deme size with a simpler expression.

We observed that plotting the parallel deme size against the number of demes on
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a log-log scale results in an almost-straight line, which means that the deme size can

be approximated closely with a general power-law equation: n = Ar
B, where A and

B are domain-dependent constants. The value of B may be computed as

B =
ln(n1=n2)

ln(r1=r2)
;

where r1 and r2 are two deme counts, and n1 and n2 are the corresponding parallel

population sizes (obtained by using r1 and r2 in equation 4.12). The value for A can

be obtained directly as A = n1

rB
: Figure 5.2 shows an example of this approximation.

With this characterization of the parallel deme size, the computation time may be

approximated as gndTf � gAr
B
Tf . Substituting this approximation into equation 5.3

results in

Tp = gAr
B
Tf + (r � 1)Tc: (5.4)

Now we can set the derivative of Tp to zero and solve for r to obtain the optimal

number of demes as

r
� =

�
�ABgTf

Tc

� 1

1�B

= (�ABg
) 1

1�B
; (5.5)

and the optimal deme size is n�
d
= Ar

�B
:

The models of this section were validated with experiments using the same test

functions of the previous section. Figure 5.3 shows the predictions and the experimen-

tal results of the parallel speedups using 4- and 8-bit trap functions. The parameters

for the GAs were the same as for the experiments with isolated demes, and the same

experimental procedure was used.

Both the predictions and the experimental results show an optimal speedup at
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approximately the same number of demes. Note that for the 4-bit trap function,

the speedup is less than one for several deme counts, which means that the parallel

algorithm takes longer �nish than the serial GA. This poor performance is mainly

due to the expensive communications in our system, but also since the 4-bit problem

can be solved with relatively small populations the savings on computation costs are

too small to compensate for the rapidly increasing costs of communications.

In the case of the 8-bit trap function the magnitude of the speedups is always

greater than one for the range of demes used in the experiments. In fact, the parallel

algorithm shows a signi�cant advantage over the serial GA, even in our implementa-

tion with expensive communications. For this function the deme sizes required to �nd

the required solution are much larger than for the 4-bit function, and the savings on

the computation cost are enough to compensate for the expensive communications.

In contrast, the master-slave algorithm would perform poorly on these two prob-

lems because the computations are very simple. In the case of the 4-bit trap function,

the single population size required to reach a solution with 80% of the BBs correct

is 110 individuals. The optimal number of processors in a master-slave GA would beq
n

Tf

Tc
=
q
110 0:034

19
= 0:44; which means that a con�guration with a single proces-

sor would be the fastest. The situation would be slightly better in the case of the

8-bit trap, because the population required to reach the required solution is much

larger than with the 4-bit trap (1450 individuals). For the 8-bit problem, the optimal

number of processors would be
q
1450 0:061

19
= 2:13:

5.4 Summary

The �rst result of this chapter is that the parallel speedup is only modest when there

is no communication between the demes. Although this may seem counterintuitive

at �rst, the analysis shows that to reach solutions of the same quality, the size of the

isolated demes is not very di�erent from the population size of a simple GA.
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Figure 5.3: Predicted and experimental speedups for fully deceptive trap functions using 1 to 16 fully

connected demes. The quality demanded was 80% BBs correct. The thick lines are the theoretical

predictions and the thin lines are the experimental results.

On the other hand, when the demes communicate there are great improvements in

performance. The analysis shows how to estimate the execution time of the parallel

GA, and how to �nd the number of demes and a corresponding deme size that

minimize it. Moreover, the formulas for the optimal deme size and deme count

can be adjusted to consider particular implementations and to predict the e�ect of

improvements in hardware or software in the performance of parallel GAs. With these

tools, it is possible to guide the developer to those aspects of the implementation that

will make a greater impact on performance.
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Chapter 6

Markov Chain Models of Multiple Demes

This chapter extends the modeling of the search quality of parallel genetic algorithms

with multiple demes. The chapter starts by considering the upper bounding case of

topologies and migration rates that has been used in the previous two chapters. This

case is the easiest to analyze, and it is used to introduce the methodology that will be

applied to the more complex cases. The second algorithm considered in this chapter

also has a fully connected topology, but the migration rate may take any value.

Finally, the analysis is extended to arbitrary topologies that are more scalable and

likely to be used in practice.

As in previous chapters, the migration frequency is bounded, and migration occurs

after the demes converge. Then, the migrants are incorporated into the demes, and

the algorithm restarts. The interval of time between migrations is called an epoch.

Until now we have considered only the �rst two epochs but the analysis of this chapter

considers any number of epochs.

The modeling is based on Markov chains, because the success of a demes depends

solely on the events of the previous epoch. The objective is to predict the solution

quality after each epoch and also in the long run. In addition, it is possible to

calculate the expected number of epochs until all the populations converge to the

same solution and no further improvement is possible.

The next two sections treat the fully-connected case. Section 6.1 examines the

case where the migration rate is set to the maximum value possible, and then sec-

tion 6.2 re�nes the analysis to consider lower migration rates. Experiments that
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validate the accuracy of predictions are presented along with the theory. The models

are extended in section 6.3 to consider arbitrary topologies and migration rates, and

experiments that con�rm the extended model are presented in section 6.4. Finally,

section 6.5 summarizes the �ndings of this chapter and brie
y discusses avenues of

future research.

6.1 Fully Connected Demes with MaximumMigration Rates

Chapter 4 showed how to predict the quality of the solution at the end of the second

epoch when the algorithm uses a maximal migration rate. The main idea was to

estimate the number of copies of correct BBs in a deme after migration as x1 = ndPbb,

and to use this as the starting point of the gambler's ruin model.

This simple idea results in good predictions after the second epoch, and one would

be tempted to generalize the model to multiple epochs by estimating the number of

BBs at the start of the � -th epoch (� > 0) as x� = ndPbb(x��1). But unfortunately, the

gambler's ruin model cannot be iterated after the second epoch because x� increases

steadily, and after a few iterations the probability of converging correctly would be

1, regardless of the population size or the number of demes.

For example, consider a �tness function formed by concatenating 20 copies of a

4-bit fully deceptive trap function. Table 6.1 shows that after only eight (�ve) epochs,

the iterated gambler's ruin model predicts that a parallel GA with a deme size of 16

(32) individuals will converge to the correct solution. In reality, the correct value of

a partition may not appear in any of the demes, or it may be lost after some epochs,

but none of this is taken into account in the simple iterated model.

6.1.1 Modeling with Markov Chains

To predict the quality of solutions found after an arbitrary number of epochs we need

to determine accurately the starting point of the random walk. The number of correct
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Epoch x� Pbb(x� )

0 1 0.2144

1 3.4 0.5668

2 9 0.9024

nd = 16 3 14.4 0.9894

4 15.8 0.9990

5 15.98 0.9999

6 15.99 0.9999

7 16 1

0 2 0.3753

1 12 0.9410

nd = 32 2 30.11 0.9996

3 31.99 0.9999

4 32 1

Table 6.1: The iterated gambler's ruin model always converges to 1, regardless of the deme size (nd)

or the number of demes.

BBs at the start of an epoch depends directly|and solely|on how many demes

converged correctly in the previous iteration. In particular, if i demes converged

correctly and nd is the deme size, each deme would start the current epoch with an

average of �i =
ind

r
copies of the correct BB, and the probability that it converges

correctly is Pbb(�i). The problem consists on computing the number of demes i that

have the right BB after each epoch.

The probability that a deme converges correctly the �rst time is Pbb(x0), where

x0 =
nd

2k
is the expected number of BBs in a randomly initialized population. Since

the demes evolved independently, at the end of the �rst epoch the distribution of

demes with the right BB has a binomial distribution:

V1(i) =

 
r

i

!
P
i

bb
(x0) (1� Pbb(x0))

r�i
; (6.1)

V� (i) denotes the probability that exactly i demes converge correctly after the

� -th epoch. The probability of converging correctly after the second epoch is
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Pbb2
=

rX
i=0

V1(i) � Pbb(�i); (6.2)

which can be generalized and expressed as the vector product

Pbb� = V��1U; (6.3)

where U(i) = Pbb(�i). The challenge is to calculate the distribution of correct demes

after an arbitrary number of epochs (V� ), and for this purpose we use Markov chains.

The states of the chain represent the number of demes that converged to the correct

BB in a given epoch. The transition matrix is de�ned with the probabilities of going

from a state with i demes correct to a state with j demes correct as follows:

M(i; j) =

 
r

j

!
(Pbb(�i))

j(1� Pbb(�i))
r�j

: (6.4)

The distribution of the number of demes that converge correctly after � epochs

is given by

V� = V1M
��1

; (6.5)

and the probability of converging to the correct BB may be calculated with equa-

tion 6.3.

Figure 6.1 presents an example of the predictions of equation 6.3 after several

epochs on four fully connected demes. The function used in the example is the same

20-BB 4-bit trap problem used in previous chapters. The GA uses pairwise tourna-
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Figure 6.1: Probability of converging to the correct BB after 1,2,3,and 4 epochs (from right to left).

ment selection, two-point crossover with probability 1, and no mutation. Contrast

the predictions with the iterated gambler's ruin example in table 6.1. Note that the

major improvement in quality comes at the second epoch, and therefore the calcula-

tions derived in the previous chapters are very signi�cant for the design of parallel

GAs.

6.1.2 Parallel Demes in the Long Run

The example above also suggests that the probability of �nding the correct BB con-

verges to a �xed value after a few epochs. Another application of Markov chains is to

calculate the long run distribution of the number of demes that �nd the BB, that is

lim�!1V� . Substituting this distribution in equation 6.3 gives the probability that

in the long run the parallel GA �nds the correct BB. The remainder of this section

treats this issue, and also shows how to calculate the expected number of epochs until

all the demes converge to the same solution.

First, recall the assumption made in chapter 2 that crossover and mutation do

not create or destroy signi�cant numbers of correct BBs. This assumption implies

that if the correct BB disappears from all the demes there is no way of recovering it.

Likewise, when all the demes converge to the correct BB there is no chance of losing

it. These facts are re
ected in the transition matrix: the �rst row (corresponding to
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state 0, when no deme has the correct BB) is 1,0,0,...0, and the last row (state r,

when all the demes have the correct BB) is 0,0,...,1. The states 0 and r are called

absorbing or persistent states, and since there are no possible transitions between

them, the chain has two closed absorbing sets. All the other states in the chain are

called transient states.

The fundamental matrix method (Isaacson & Madsen, 1976) may be used to

calculate the distribution of demes with the correct BB in the long run and the

expected number of epochs until absorption. To use this method the states need to

be reordered, and the transition matrix rewritten as

M =

0BBBBB@
P1 0 0

0 P2 0

R1 R2 Q

1CCCCCA ;

where P1 and P2 are the submatrices with the transition probabilities within the

two closed persistent sets, which in our case consist of a single state each (therefore,

P1 = P2 = 1); Q is a submatrix with the transition probabilities within the transient

states; and R1 and R2 contain the probabilities of going from each transient state to

each of the persistent states.

The expected absorption time from each transient state i is given by the i-th

element of

T = N1;

where the matrix N = (I�Q)�1 is called the fundamental matrix, I is the identity

matrix, and 1 is a column vector of ones. AugmentT with a zero at the beginning and

a zero at the end to account for the expected absorption times from state 0 and state

r, respectively. Now the mean time until absorption may be calculated by multiplying

the initial distribution of demes with the correct BB (given by equation 6.1) by the

extended T (T0) as follows:
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h�i = V1T
0
: (6.6)

The absorption probabilities from the transient state i to the persistent state l is

given by the (i; l)-th entry of NR, where R is the matrix formed with the elements of

R1 and R2. Recall that P2 is the submatrix that contains state r, which represents

the case where all the demes converge to the right BB. Therefore, the distribution of

probabilities, A, of being absorbed into state r is given by the second column of NR.

Augment A with a zero at the beginning and a one at the end, to account for the

chances of being absorbed from state 0 and state r, respectively. To �nd the mean

probability of being absorbed at state r, multiply the initial distribution of demes

with the correct BB by the extended vector (A0):

Pbb
1

= V1A
0
: (6.7)

Figure 6.2 presents plots of Pbb
1

using four demes with 0 � nd � 100 individuals

each, and a plot of Pbb (equation 2.5) using a population size of n = 4nd. The two

plots overlap perfectly, suggesting that the probability that r fully connected demes

of size nd converge correctly in the long run is the same as the probability of success

of a GA with a single population with rnd individuals. This is important because it

suggests that in the long run the solution's quality does not degrade or improve when

a population is partitioned into smaller fully connected demes that communicate with

the maximum migration rate possible.

It is not immediately clear what would be the outcome if the populations com-

municate using a lower migration rate or a di�erent topology. The following sections

study the e�ects of these two parameters on the quality of the solutions.
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Figure 6.2: In the limit, a parallel GA with r fully connected populations using a maximal migration

rate (dots) has the same chance of �nding the solution as a simple GA with an aggregate population

(continuous line).

6.2 Arbitrary Migration Rates

Using the maximal migration rate simpli�es the calculation of the number of BB

present in a deme after each epoch, because the contribution from all the demes is

uniform. This section extends the calculations to cases with lower migration rates.

The migration rate is denoted by � and represents the fraction of the population

that migrates. The method used here is very similar to the one used in the previous

section, but with lower migration rates the initial number of BBs in a particular

deme depends greatly on whether the local deme converged correctly in the previous

epoch.

For example, consider that in a given epoch two out of three demes of a parallel

GA converge correctly, and suppose that each population sends � = 0:05 of its indi-

viduals to the other two. At the start of the next epoch there are two possibilities

for a particular deme. First, if it converged correctly in the previous epoch, then

95% of its individuals have the correct BB (90% were already there, and it obtained

5% from the other correct deme). On the other hand, if the deme did not converge

correctly, only 10% of the population would have the correct BB, contributed by the

other two demes.

To re
ect this situation, the Markov chain needs twice as many states as before.
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For each number of demes that converged correctly, the chain needs two states: one

to represent the case when the major fraction of the population contains the BB

(because the population converged correctly in the previous iteration), and another

state to represent when the major fraction of the population is incorrect. A convenient

way to order the states is that states 0 to r � 1 represent the cases where the major

fraction of the deme is incorrect, and states r to 2r � 1 represent the cases where

major fraction is correct. This ordering of the states is arbitrary, and any other

ordering would be adequate. As before, there is one absorbing state for the case

when all the demes converge incorrectly (state 0), and there is one state for when all

the demes converge to the correct BB (state 2r � 1). The rest are transient states.

The initial distribution is

V1(i) =

8>><>>:
�
r�1
i

�
[Pbb(x0)]

i [1� Pbb(x0)]
r�i if i < r;�

r�1
i�r

�
[Pbb(x0)]

i�r+1 [1� Pbb(x0)]
2r�i�1 if i � r;

(6.8)

for i 2 [0; 2r � 1]. The transition matrix becomes

M(i; j) =

8>><>>:
�
r�1
j

�
[Pbb(�i)]

j [1� Pbb(�i)]
r�j if j < r;�

r�1
j�r

�
[Pbb(�i)]

j�r+1 [1� Pbb(�i)]
2r�j�1 if j � r;

(6.9)

where �i is the starting point of the random walk for each state i, and it depends on

the migration rate � and on how many demes converged correctly:

�i =

8>><>>:
nd i � if i < r;

nd ((i� r)�+ 1� (r � 1)�) if i � r:

(6.10)

The probability of converging to the correct BB after � epochs is given by Pbb� =

V��1U (equation 6.3), where U(i) = Pbb(�i), and �i is de�ned as above.
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Figure 6.3: The probability of converging to the BB increases with higher migration rates. The

theoretical predictions (continuous line) are compared against experimental results.

Figure 6.3 illustrates the probability of reaching the correct solution as a func-

tion of the migration rate. The probability of success increases rapidly with higher

migration rates. The example uses four fully-connected demes with 50 individuals

each; the test function is a 20-BB 4-bit trap problem; and only the �rst two epochs

are considered.

As before, the fundamental matrix method may be used to predict the long-

term behavior of the parallel GA with arbitrary migration rates. The states have to

be reordered as in the previous section, and the calculations are similar. Figure 6.4

shows the probability that in the long run the parallel GA will converge to the correct

solution as a function of the migration rate. The plot suggests that only a moderate

migration rate is su�cient to reach the same solution as a simple GA with a aggregate

population.

Since all the individuals are the same when migration occurs, there are no cost

penalties associated with higher rates: only one individual needs to be sent and it

can be replicated any number of times at the receiving deme.

6.3 Arbitrary Topologies

The previous two sections showed how the complexity of the analysis increased when

the algorithm became more 
exible. In the �rst case, when the migration rate was
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Figure 6.4: The long-run probability of converging to the correct BB increases rapidly with higher

migration rates. The example considers four fully connected demes, with 50 individuals each,

working on a 20-BB 4-bit trap function. The horizontal line is the probability that four fully

connected demes with maximal migration (or a simple GA with 200 individuals) will eventually

converge to the right BB.

maximal, the only information required to calculate the number of BBs at the start

of an epoch was the number of demes that converged correctly. When the migration

rate was allowed to change, additional states were required to represent whether the

local deme had converged correctly or not. The nature of the information represented

by each state changed from a mere count of demes correct to include limited spatial

information (i.e., it became important to know which demes had the correct BB).

More spatial information is required when considering arbitrary topologies. In

this case, it is not su�cient to know how many demes converged correctly in the

previous epoch, but also exactly which ones. This information is represented in the

states of the Markov chain, and therefore we expect to use many additional states.

Since a deme can either have the BB or not, in a setup with r demes there are 2r

possible states. A natural representation of these information is to use a binary string

si of length r for each state i. The k-th bit of the string, si(k), corresponds to the k-th

deme and is set to one if the deme converged correctly and to zero otherwise. The

states of the Markov chain are numbered from 0 to 2r � 1 and can be conveniently

labeled with the integers represented by the strings. For example, in a con�guration

with 8 demes, state 10 corresponds to the string s10 = 00001010 and represents the
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case where demes 1 and 3 converged correctly.

The construction of the transition matrix is not as straightforward as when the

demes are fully connected. As before, the core of the modeling is to determine how

many copies of the BB are present in a deme just after migration. The �rst step

is to determine how many of the neighbors have the right BB, and for this we use

a topology-dependent neighborhood function N(a) that returns a set Na with the

indices of the neighbors of deme a. For example, in a bidirectional ring the neighbors

of deme 1 are demes 0 and 2 (i.e., N1 = N(1) = f0; 2g). Since the states contain

the information about which demes have the correct BB, it is easy to determine how

many neighbors of a deme a converged correctly when the chain is at state i as

ci;a =
X
k2Na

si(k): (6.11)

With this information, the number of BBs in deme a at the start of the epoch

may be calculated as

�i;a = nd [ci;a � + si(a) (1� ��)]; (6.12)

where � is the degree of the topology and � is the migration rate. The �rst term

above, ci;a �, is the fraction of the deme with the correct BB that is contributed by

the neighbors. The second term is about the individuals that were already present in

the deme. When si(a) equals one, deme a converged correctly in the previous epoch,

and the fraction 1 � �� of the population that remained unchanged after migration

contains the correct BB. If si(a) = 0, then the only correct BBs in the deme come

from its neighbors.

The probability that deme a will converge correctly is given by Pbb(�i;a), and so
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the probability of going from state i to state j is given by

M(i; j) =
rY

a=1

[sj(a)Pbb(�i;a) + (1� sj(a))(1� Pbb(�i;a)] : (6.13)

For each value of a, only one term of the equation above is di�erent than 0,

depending on whether the a-th deme is correct or incorrect in state j.

The distribution of states is given by V� = V1M
��1 (equation 6.5), and the

probability of converging correctly is determined by equation 6.3 (Pbb� = V��1U).

However, now

U(i) = Pbb(�i;a); (6.14)

and �i;a is de�ned in equation 6.12. Any choice of a may be used in this equation

when the demes are connected by a regular topology, because on average all demes

will have the same outcome.

The initial distribution of states is given by

V1(i) = Pbb(x0)
u(si)(1� Pbb(x0))

r�u(si)
; (6.15)

where u(s) is a function that counts the bits set to one in the string s.

The long run probability of success may be found by reordering the states and

using the fundamental matrix method, as was described in section 6.1.

6.4 Experiments

Several experiments were conducted to assess the accuracy of the model described in

the previous section. The experiments used eight demes and the test function was the
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Figure 6.5: Solution quality after several epochs. The graphs include data for uni- and bi-directional

rings, a hypercube, and a fully connected topology (from bottom to top, respectively). The hori-

zontal line in both graphs is the prediction of the quality that would be reached by a simple GA

with an aggregate population.

same 20-BB 4-bit trap used previously. The GAs used pairwise tournament selection,

2-point crossover with probability one, and no mutation. The results presented are

the average over 100 repetitions.

The �rst set of experiments was designed to compare the quality of the solutions

reached using di�erent topologies. Figure 6.5 shows plots of the quality versus the

number of epochs for a fully connected topology and three topologies frequently

used by practitioners: a uni-directional ring, a bi-directional ring, and a hypercube.

Each of the eight demes has 30 individuals, and the migration rate was set to the

maximum value possible for each topology: 50% for the uni-directional ring, 33% for

the bi-directional ring, and 25% for the hypercube.

In all cases, the quality increases as more epochs are used, but the rate of increase

depends on each topology. The uni-directional ring needs the most epochs to reach

the highest quality possible|which is the same quality that simple GA with an

aggregate population would reach|while the fully connected topology realizes its

full potential using the fewest epochs.

The experiments above suggest that topologies where the demes have more neigh-
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(a) 10% migration per deme.
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(b) 20 migrants total.

Figure 6.6: Solution quality as a function of the degree of the topology. The continuous lines are

the theoretical predictions, and the dashed lines are the experimental results.

bors reach solutions of higher quality than sparse topologies: at any given epoch the

fully connected topology reached the best solutions, while the uni-directional ring

reached the worst. To visualize the e�ect of the degree more clearly, �gure 6.6 shows

experiments where the degree varies while the deme size and migration rate are con-

stant. The experiments used the four topologies used before (with degrees 1, 2, 3,

and 7). The experiments considered eight demes with 40 individuals each, and the

quality was measured at the end of the second epoch. In the �rst experiment the

migration rate was set to 10% per deme (so the number of migrants received by a

deme increases with the degree), and in the second experiment the total number of

migrants was set to 20.

In the two previous experiments, the quality increased quickly as the topolo-

gies became denser, but the marginal improvements are smaller. This is important

because topologies with higher degrees have higher communication costs, and the

marginal increase in quality may not be large enough to justify the added cost. The

next chapter explores this issue in detail, and shows how to calculate the optimal de-

gree that minimizes the execution time, while reaching a solution of a predetermined

quality.
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(a) Uni-directional ring.
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(b) Bi-directional ring.

2 4 6 8 10 12
Migrants

0.6

0.7

0.8

0.9

1
Proportion BBs

2.5 5 7.5 10 12.5 15
Migrants

0.6

0.7

0.8

0.9

1
Proportion BBs

(c) Hypercube.

Figure 6.7: Quality versus number of migrants. Each graph shows the quality using multiple

migration rates after two, three, and four epochs (from bottom to top in each graph). Graphs on

the left are theoretical predictions, and graphs on the right are experiments.
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The next set of experiments was designed to test the accuracy of the models using

varying migration rates. The experiments used rings (uni- and bi-directional) and

a hypercube to connect eight demes with 50 individuals each. The migration rate

was varied from zero to the maximum rate possible in each topology, and the quality

of the solutions was recorded at the end of the second, third, and fourth epochs.

(During the �rst epoch the demes are isolated and their performance is equivalent

to a migration rate of zero.) The results shown in �gure 6.7 con�rm that the model

accurately predicts the quality over a variety of migration rates and topologies.

Based on the results of the previous sections, higher migration rates are expected

to produce better solutions. The experiments of this section con�rm that this is

indeed the case, and that the quality increases rapidly with higher migration rates.

Also, the uni-directional ring reached the lowest-quality solutions, while the hyper-

cube found the best.

6.5 Summary

This chapter presented models that predict the expected solution quality of parallel

GAs with multiple populations after any number of epochs and for any choice of

number of demes, deme size, topology, or migration rate. The modeling used Markov

chains to determine the number of correct BBs present in the demes at the beginning

of each epoch. Then, the gambler's ruin model was used to predict the quality of the

solutions. The size of the Markov chains increased progressively as more 
exibility

was allowed in the algorithms. The �rst algorithm examined was an upper bound on

topologies and migration rates. This case was the simplest to examine because the

contributions from all the demes are the same, and only r states are required. The

second case still considers a fully connected topology, but it was extended to arbitrary

migration rates. This case required additional states to represent the varying contri-

butions from the local deme and its neighbors. Finally, the model was extended to
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arbitrary topologies and migration rates, and the number of states increased again.

The accuracy of the models was tested with computational experiments using one

fully deceptive test function and varying all the parameters of interest. In all cases,

the predictions match closely the observed quality of the solutions after any number

of epochs.

This chapter extended our understanding of multi-deme parallel GAs in several

important directions. First, we observed that the greatest gain in quality always

occurs after the second epoch. This is signi�cant because it reinforces the signi�cance

of the calculations of the two previous chapters that showed how to derive closed-form

expressions for the deme sizes and how to manipulate these expressions to determine

the con�gurations that minimize the execution time.

Another contribution is that the models and experiments presented in this chap-

ter suggest that in the long run the parallel GAs reach solutions of the same quality

as a simple GA with a population equivalent to the aggregate of the demes. Parti-

tioning the population does not degrade or improve the solution quality as long as

the migration rate is not very low. Furthermore, it appears that only a few epochs

are necessary to reach the same solution as the simple GA.

Another important observation is that the quality improves with higher migration

rates, regardless of the topology. In the algorithm examined here there is no reason

to use low migration rates. Since migration occurs after the demes converge, the cost

of communications is independent of the migration rate: only one individual has to

be sent and it can be replicated as necessary in the receiving deme.

The calculations and experiments also suggest that higher network degrees im-

prove the quality of the search. However, higher degrees raise the cost of communica-

tions, and result in a tradeo� between increasing the quality or making the algorithm

slower. In many situations there is a minimal desired solution quality, and when the

parallel GA is required to reach it, there is an optimal con�guration that minimizes

the total execution time. The next chapter addresses these issues in detail.
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Chapter 7

Topologies, Migration Rates, and Scalable

Parallel GAs

Previous chapters examined bounding cases of multiple-deme parallel GAs. The

investigation of the extreme cases resulted in useful design guidelines for parallel

GAs, but those bounding con�gurations are not commonly used by practitioners

because neither of them is scalable. On one hand, when the demes are isolated

the improvements in quality are marginal and the total computational cost grows

very fast. On the other extreme where the demes are fully connected, the cost of

communications quickly becomes impractical as more demes are used.

This chapter addresses the problem of scalable communications. Its goal is to �nd

the con�guration of multiple demes that reaches the desired solution in the shortest

time possible. As in the study of bounding cases, the analysis considers the issues of

cost and solution quality simultaneously.

The models assume that all the demes have the same number of neighbors, but

there are no other restrictions on the topology or on the migration rates. As with the

bounding cases, the research focuses initially on the �rst two epochs, and it is later

extended to any number of epochs.

The chapter is organized into four sections as follows. Section 7.1 describes how

the deme size, the migration rate, and the degree of the connectivity graph a�ect the

chances that the desired solution is reached after the second epoch. As in previous

chapters, the analysis shows how to �nd a con�guration that minimizes the execution
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time. This section also revisits the fully connected topology, and shows that its opti-

mal con�guration is a good approximation of the optimal times of sparser topologies.

Section 7.2 generalizes the results to multiple epochs. It shows that the solutions

reached by di�erent topologies with the same degree are almost identical, and then

it focuses on one family of topologies to determine how the quality improves after

arbitrary epochs. Then, the results of the modeling are used to �nd a con�guration

that minimizes the execution time. Section 7.3 estimates the number of epochs until

all the demes converge to the same solution, and determines the optimal number of

demes. Finally, section 7.4 summarizes the �ndings of this chapter.

7.1 Degree of Connectivity

An important property of the connectivity graph between the demes is its degree,

which is the number of neighbors of each deme. This chapter assumes that all the

demes have the same degree, and we denote it as �. The degree completely determines

the cost of communications, and as we shall see, it also in
uences the size of the demes

and consequently the time of computations.

This section analyzes how the deme size, the migration rate, and the degree of

the topology a�ect the probability that the parallel GA reaches the desired solution.

The calculations of this section consider only the �rst two epochs of the algorithm,

because closed-form expressions may be derived easily. The next section extends the

modeling to multiple epochs.

The modeling has several steps. First, we compute how many copies of the correct

BB are necessary to reach the target quality per deme (P̂ , given by equation 4.3).

Next, the probability that a given con�guration brings together the critical number

of BBs is calculated. The success probability is then used to derive a deme sizing

equation, which in turn is used to minimize the execution time.

The �rst step of the modeling is straightforward. To determine how many BBs
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cx1 are needed to reach P̂ at the end of the second epoch we may use the solution of

the gambler's ruin problem (eq. 2.6). Making

P̂ = 1�
 
q

p

!bx1
and solving for cx1 results in

cx1 = ln(1� P̂ )

ln
�
q

p

� : (7.1)

The next step is to determine the probability that a deme receives at least cx1
BBs from its � neighbors. The probability that one neighbor sends the right BB is

the same probability that it converged correctly in the �rst epoch, and is given by

Pbb (eq. 2.6). Assuming that all the neighbors of a deme use the same migration rate,

�, then at least �̂ = bx1
�nd

neighbors must contribute the correct BB. Since the demes

have evolved in isolation until this moment, the probability of receiving at least cx1
BBs has a binomial probability:

Px1
= 1�

�̂�1X
i=0

 
�

i

!
P
i

bb
(1� Pbb)

��i
; (7.2)

which can be approximated as

Px1
= 1� �

0@ �̂ � �Pbbq
�Pbb(1� Pbb)

1A
; (7.3)

where � denotes the CDF of a normal distribution with zero mean and standard

deviation of one. Figure 7.1 shows the results of experiments that illustrate the

accuracy of Px1
. The test problem used in this experiments is a 20-BB 4-bit trap

function, and the �gure shows the average of 100 independent runs.
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Figure 7.1: Plot of the probability of reaching the critical number of BBs required to �nd a solution

with at least 16 out of 20 BBs (Q̂ = 0:8). The graphs show experimental results and the theoretical

predictions using topologies with 1, 2, and 4 neighbors (from right to left in each graph) using

di�erent migration rates.

With higher migration rates, fewer neighbors must contribute the right BB, and

therefore it is more likely that the deme receives the critical number of BBs and

succeeds to �nd the solution. This observation agrees with the results of the previous

chapter that showed that the solution's quality increased with higher migration rates.

Note that even if a deme receives less than cx1 BBs, it may still reach the right

solution, because the deme itself could have converged correctly in the �rst epoch,

and it may contain enough BBs to converge correctly again. Also, a deme may start

the second epoch with less than cx1 BBs and converge correctly sometimes. However,

we ignore these two possibilities and conservatively assume that a deme does not

converge to the right answer if it does not receive at least cx1 BBs from its neighbors.

Under this assumption, Px1
is the probability that at the end of the second iteration

the deme will converge correctly.

There are di�erent con�gurations that can bring together the critical number of

BBs with the same probability (see �gure 7.2). Con�gurations with large demes and

few neighbors have the same chance of success than some con�gurations with smaller

demes but with more neighbors. This is the usual tradeo� between computation and

computations: smaller demes require more neighbors to succeed. We would like to
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Figure 7.2: Plot of the probability of success with di�erent con�gurations of deme sizes and number

of neighbors. The migration rate in this example is 10%.

use the con�guration that achieves the desired objective with the minimum cost.

The execution time of the parallel program is the sum of communication and

computation times:

Tp = gndTf + �Tc; (7.4)

where g is the domain-dependent number of generations until convergence, nd is the

deme size, Tf is the time of one �tness evaluation, and Tc is the time required to

communicate with one neighbor. Tc; Tf ; and g can be easily determined empirically,

but the required deme size depends on the degree of the topology, the migration rate,

and the desired quality.

7.1.1 Finding the Deme Size

To �nd the deme size we need to make Px1
= P̂ and solve for nd. First, the normal

distribution of Px1
has to be approximated as �(z) = (1+exp(�1:6z))�1 (Valenzuela-
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Rend�on, 1989). With this approximation, Px1
becomes

Px1
= 1� (1 + exp(�1:6z))�1; (7.5)

where z = �̂��Pbbp
�Pbb(1�Pbb)

is the normalized number of successes. We may bound z by

considering that the variance is maximal when Pbb = 0:5, and thus it becomes z �
2p
�
(�̂��Pbb) (In the remainder we conservatively ignore the inequality.). Additionally,

Pbb may be roughly approximated as Pbb � cn

2k
, where c = 1� q=p. Substituting this

form of Pbb and �̂ = bx1
�nd

into the bound of z gives

z =
2p
�

 cx1
�nd

� �

cnd

2k

!
:

Making the approximate form of Px1
= P̂ and solving for z yields the ordinate

where the probability of success reaches the required value:

ẑ = 0:625 ln

 
P̂

1� P̂

!

Making z = ẑ, solving for nd, and simplifying terms gives the deme size:

nd =
2k�2p
�

ẑ +

r
ẑ
2 + c bx1

�2k�2

c

: (7.6)

Observe that the deme size decreases with higher migration rates and as the

number of neighbors increases, which is what we expected. For clarity, this deme-

sizing equation may be rewritten in a more compact form by grouping all the domain-

dependent constants into one (n0) as follows:

nd =
n0p
�

: (7.7)
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Figure 7.3: Comparison of theoretical (thick line) and experimental (thin line) execution times (in

microseconds) of eight demes connected by topologies with di�erent degrees.

Now, the total execution time as given by equation 7.4 may be easily optimized

with respect to � by making
@Tp

@�
= 0 and solving for �:

�
� =

�
gn0Tf

2Tc

�2=3

; (7.8)

and the optimal deme size can be found by substituting �� in equation 7.6.

Figure 7.3 compares the theoretical predictions of the execution time with ex-

perimental results on a network of eight IBM workstations. In this example, the

�tness function consists of 20 copies of a 4-bit trap, and the objective is to �nd a

solution with at least 16 partitions correct. The time to evaluate a single individual

is Tf = 51 microseconds, the communications time is Tc = 29 ms, and the number

of generations until convergence is g = 50. The �gure shows the average of 100 runs

using pairwise tournament selection, two-point crossover with probability 1.0, and no

mutation. The migration rate is � = 0:1.

7.1.2 Fully Connected Topologies Revisited

Sometimes the magnitude of optimal degree will be greater than the number of demes,

because it depends on the ratio of computation to communications 
, and this ratio

may be arbitrarily large. In those situations, the topology that is closest to the

optimal and that is realizable with the available demes would be a fully connected
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topology. This section revisits this bounding case, and shows that despite its poor

scalability, the fully connected topology may be a good choice to reduce the execution

time.

The calculation of the optimal degree may be used to �nd an alternate expression

for the optimal number of demes in a fully connected topology. The idea is simply

to realize that at some deme count, r, the optimal degree will be �� = r � 1, which

is the degree of the fully connected topology. Solving for r gives the optimal number

of demes,

r
� = �

� + 1: (7.9)

Figure 7.4 has an example with the 20-BB 4-bit trap function used before. The

example considers the same computing environment used in the experiments with

fully connected demes in chapter 5. The �tness evaluation time is Tf = 0:034 ms,

the communication time is Tc = 19 ms, and g = 50 generations are required to

converge. Only the �rst two epochs are considered to facilitate comparisons with the

results of chapter 5. The �gure clearly shows that the optimal time varies very slowly

when more than r
� demes are used, and that the optimal execution time of the fully

connected case is very close to the optimal times of other topologies. The optimal

number of demes in the example (r� = 3:5 that should be rounded to 4) agrees with

the result in chapter 5, where the optimum was found to be four demes.

In this example, �� � 2:5, which should be interpreted as �� = 3. However, it is

not possible to connect r = 2 or r = 3 demes together using more than r � 1 edges,

and therefore the �rst two points in the plot of the optimal time correspond to a fully

connected topology.

Although the fully connected topology cannot integrate many demes e�ciently,

its optimal con�guration is a good choice to reduce the execution time. Optimally
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Figure 7.4: The execution time using the optimal degree decreases very slowly (bold line). It is

bounded (and well approximated) by the optimal time of the fully connected topology (thin line).

(See the text for an explanation of the points at r = 2; 3). The execution time of a topology of

degree r=4 (dotted line) is plotted as an example.

con�gured topologies that use more demes reach solutions faster, but the reductions

are not substantial. In fact, since the optimal time decreases very slowly when more

than r
� demes are used, after that point the e�ciency drops almost linearly with the

number of demes. However, we shall see that optimally con�gured topologies can

reduce the execution time signi�cantly after multiple epochs.

7.2 Considering Multiple Epochs

The previous section showed how to �nd the optimal degree of connectivity that

minimizes the execution time for a particular domain. However, even with a �xed

degree there are
�
r�1
�

�
ways to connect the demes, and we still face the question of

how to choose a particular topology. Certainly, if the algorithm is only executed

for two epochs, it does not matter how the demes are connected, because only the

immediate neighbors a�ect the search. But if more than two epochs are used, a deme

would receive indirect contributions from other demes. The purpose of this section

is to quantify the e�ect of those contributions on the quality of the search, and to

determine how to minimize the execution time after multiple epochs.

As an example of the issues involved, consider the topologies with degree � = 2
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Figure 7.5: Di�erent topologies with two neighbors.
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Figure 7.6: Average quality per deme after one, two, three, and four epochs (from right to left)

using eight demes connected with di�erent topologies of degree two.

depicted in �gure 7.5. These are only four of the
�
7
2

�
= 21 possible topologies of

degree two. Figure 7.6 shows the results of experiments with a 20-BB 4-bit trap

function on eight demes connected with the four topologies. The results are averaged

over 100 repetitions at each deme size; the demes used pairwise tournament selection,

two-point crossover with probability 1.0, and no mutation. The migration rate was

set to its maximal value of 1/3. The �gure shows the proportion of correct BBs per

deme after one, two, three, and four epochs. The quality of the solutions improves

after successive epochs, and, as in the previous chapter, we can observe that the

largest increase occurs after the second epoch. As one would expect, the results

for di�erent topologies during the �rst two epochs are indistinguishable, and the

di�erence after three and four epochs is very small. This observation will be used

to derive a model of solution quality that depends on the degree of the connectivity

graph and on the migration rate, but that ignores the speci�c topology. Before doing

so, we �rst introduce the concept of the extended neighborhood of a deme.
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Figure 7.7: Tree representations of the extended neighborhoods of demes in two di�erent topologies

of degree 2 with 16 demes. The black nodes represent the new members of the extended neighbor-

hood after each epoch. The white nodes represent demes that already belong to the neighborhood,

and they are not expanded to avoid clutter in the graphs.

7.2.1 Extended Neighborhoods

To visualize how the choice of topology a�ects the quality of the search, imagine a

tree rooted on a particular deme. The descendants of a node in the tree are the

immediate neighbors of the deme it represents, and the � -th level in the tree contains

the demes that are reachable from the root deme after � epochs. These demes form

the extended neighborhood of the root and are taken into account only the �rst time

they are reached1. Figure 7.2.1 shows two such trees corresponding to the +1+2 and

+2+3 topologies with 16 demes.

A simple way to bound the contribution from the extended neighborhood is to

assume that the demes form panmictic groups as soon as they come in contact with

1For the mathematically inclined, the de�nition of the extended neighborhood is as follows.

Consider a directed graph G = (V;E), where V is the set of vertices that represent the demes, and

E is the set of edges that represent connections between demes. The extended neighborhood of

a deme v is the set R� =
S�

i=0
a : a

i
! v, where a

i
! v denotes a path of length i from a to v.

r� = jR� j.
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Figure 7.8: The cartwheel topology is similar to a bi-directional ring, but there is an extra link to

the opposite deme. The diameter is D = r=4, and the degree is � = 3.

others. In this view, after � epochs the aggregate population size would be r�nd,

where r� is the number of demes in the extended neighborhood after the � -th epoch,

and nd is the size of each deme. Under this assumption, the solution quality would

be given by Pbb(r�nd). Of course, demes do not become panmictic as soon as they

reach one another, and therefore the size of the extended neighborhood should be

adjusted with a mixing coe�cient cm < 1, and the quality becomes Pbb(cmr�nd).

In any case, the simple approximation explains why those topologies where more

demes contribute at each epoch reach slightly better results. To verify the hypothesis,

experiments were performed with two topologies where the same number of demes

contribute after each epoch (r� is the same for both topologies for all values of �).

Eight demes were connected as an hypercube and a \cartwheel" (see �gure 7.8).

After four epochs, the two topologies yielded identical results, which are plotted in

�gure 7.9.

7.2.2 Designing for Multiple Epochs

The observation that topologies of the same degree reach almost identical solutions

has an important implication: if an accurate quality predictor can be derived for one
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Figure 7.9: Average quality per deme after one, two, three, and four epochs using eight demes

connected by two topologies of degree three. The quality after all epochs is identical because the

size of the extended neighborhoods are the same in both topologies.

topology, it would be accurate for any topology of the same degree.

Some topologies are easier to study than others because the size of their extended

neighborhoods increases in a regular form. In particular, there are topologies where

the size of the extended neighborhood is simply r� = �(��1)+1 = ��
0+1. Examples

of such topologies are the +1+2 binary topology depicted in �gure 7.5 and a +1+2+3

ternary topology. We will use this class of topologies to study the e�ect of the degree

of the network on the solution quality after several epochs.

Using the simple model derived previously, the quality after � epochs is Pbb� =

Pbb(r�ndcm). For simplicity, we use n� = r�ndcm to represent the number of individ-

uals in the extended neighborhood. The key to obtain an accurate quality prediction

is to adjust n� with an appropriate cm. We can deduce the value of the mixing coef-

�cient by considering some of the properties it should have. For instance, n� should

increase as � grows, and when � = 1 the value of n� should be equal to nd, because the

demes are isolated during the �rst epoch. In addition, the previous section showed

that the deme size nd / 1p
�
(equation 7.7). Putting everything together, we may

write n� as:
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n� = (
p
��
0 + 1)nd; (7.10)

which means that cm =
p
��
0+1

�� 0+1
� 1p

�
. Experimental tests were performed to assess

the accuracy of this model. The experiments use eight demes connected by a +1+2

topology and the same experimental setup as previous experiments in this chapter.

The deme sizes were varied, and the quality was measured at the end of the �rst

four epochs. Figure 7.10 shows that the predictions of Pbb(n� ) match very well the

experimental results.

We may also compare the predictions of Pbb(n� ) with the Markov chains model

derived in the previous chapter. Figure 7.11 presents the same quality predictions as

in �gure 7.10, and shows that for the +1+2 topology the di�erence between the two

models is small. Another interesting test is to compare the two models on di�erent

topologies. Figure 7.12 compares the expected quality reached by eight demes of size

30 connected in three con�gurations: a uni-directional ring, a bi-directional ring, and

a fully connected topology. The migration rate is set to the maximal value possible

in each topology, and the �rst seven epochs are considered. Again, the di�erences

between the two models are small, and it appears that Pbb(n� ) may be used con�dently

as a good predictor of solution quality.

The next step is to �nd a deme-sizing equation. The procedure is straightforward

using the gambler's ruin model. Making Pbb(n� ) = 1�
�
q

p

�n�=2k
= P̂ and solving for

nd results in

nd =
1p

��
0 + 1

2k ln(1� P̂ )

ln q

p

; (7.11)

which can be rewritten in a much compact form by grouping all the problem-dependent
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Figure 7.10: Theoretical predictions (line) and experimental results (dots) of the average quality

per deme after 1, 2, 3, and 4 epochs (from right to left) using eight demes connected by a +1+2

topology.
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Figure 7.11: Comparison of the approximate (continuous lines) and the Markov chains models

(dots). The graph shows the average quality per deme after 1, 2, 3, and 4 epochs (from right to

left) using eight demes connected by a +1+2 topology.
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Figure 7.12: The graph compares the approximate (continuous lines) and the Markov chains models

(dots) on three topologies: uni- and bi-directional rings and a fully connected topology (from right

to left, respectively).

constants (the second term above) into one constant n0, so nd =
n0p
�� 0+1

:

This form of the deme size with � = 2 is similar to the equation found in the

previous section. With a closed-form expression for the deme size after multiple

epochs, the execution time of the parallel GA may be easily minimized. In this case,

the time is

Tp = � (gndTf + �Tc) : (7.12)

To simplify the calculations, nd may be approximated as n0p
�� 0
. Making

@Tp

@�
= 0

and solving for � gives the optimal degree of the topology as

�
� =

�
gn0Tf

2� 0Tc

�2=3

; (7.13)

which is equivalent to the optimum found in the previous section when � = 2.

An interesting property of the optimal degree is that it depends very weakly on

r. The dependency on r is in the ln(1 � P̂ ) term of n0 (see the discussion around

equation 7.11). P̂ is approximately Q

m
�

p
ln rp
2m

, so the dependency of the optimal
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degree on r is O(ln ln r). This is important because if �� does not change much as

more demes are used, then the execution time (eq. 7.12) would not change much

either. However, we should not dismiss the algorithm's capability to decrease the

execution time. After all, �� depends strongly on the number of epochs � , and both

�
� and the execution time decrease signi�cantly as more epochs are used.

This raises another point: sometimes the choice of topology is restricted by hard-

ware constraints. In this case, � may be considered to be constant and the execution

time may be optimized with respect to � . Making
@Tp

@�
= 0 and solving for � gives

the optimal number of epochs:

�
� = 1 +

s
gn0Tf

�
3=2
Tc

: (7.14)

The corresponding deme size may be found by substituting �
� (or � �) in equa-

tion 7.11.

7.3 Parallel Demes in the Long Run

This section focuses on an important property of parallel GAs with multiple popula-

tions. Namely, that in the long run, r demes of size nd, that repeatedly communicate

with each other after convergence with the maximum migration rate possible, reach

the same solution as a simple GA with a population with rnd individuals. This was

established in chapter 6. We denote as �c the critical number of epochs necessary

to reach a solution as good as a GA with an aggregate population. Chapter 6 also

showed how to use Markov chains to calculate �c, but although those calculations are

accurate, they are not very easy to use. This section shows how to estimate �c using

the simple models for solution quality derived in the previous section.

Recall that the execution time of the parallel GA depends directly on the number
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of epochs (equation 7.12). By de�nition, when �c epochs are used, the size of the

demes is reduced to nd =
n

r
, so the execution time becomes

Tp = �c

�
gnTf

r

+ �Tc

�
: (7.15)

Our objective is to minimize this time. All of the terms of this equation are

known, except for �c. To derive an estimate of �c, note that lim�!1 Pbb(n� ) = 1,

because n� grows without limit as more epochs are used, which is not correct. The

derivation of n� is based on the concept of extended neighborhoods, but physically

the size of the extended neighborhood is bounded by the sum of the sizes of all the

demes (rnd). Making n� = rnd, and solving for � gives an approximation of the

number of epochs it takes the algorithm to converge:

�c =
r � 1p

�

+ 1: (7.16)

Substituting the estimate of �c into equation 7.15, making
@Tp

@r
= 0, and solving

for r results in the optimal number of demes:

r
� =

s
g

p
� � 1

�

s
nTf

Tc

: (7.17)

Note that the second term also appears in the optimal number of processors

of single-population parallel GAs, suggesting that asymptotically the two types of

parallel GAs can use the same number of processors to reduce the execution time.

However, the question of which algorithm is the fastest depends on the particular

application. Users can use the equations presented in this dissertation to estimate
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the execution time of the two types of parallel GAs and decide which one to use.

7.4 Summary

This chapter extended the previous deme-sizing equations to consider con�gurations

that are likely to be used by practitioners. The �rst part of the chapter described the

relation between the deme size, the migration rate, and the topology's degree with the

probability of success after two epochs. It showed how to �nd the con�guration that

optimizes the execution time while reaching a predetermined target quality. These

calculations were also used to �nd an alternate expression for the optimal number of

fully connected demes (which was calculated initially in chapter 5). Although this

topology cannot integrate many demes, it can reduce the execution time substantially,

and it may be competitive with other optimally-con�gured topologies.

The second part of the chapter generalized the results to multiple epochs. After

multiple epochs, the topology is important because a deme receives indirect contri-

butions from varying number of demes. However, section 7.2 showed that di�erent

topologies with the same degree reach almost identical solutions after any number of

epochs. A simple approximate model was derived to explain the small di�erences,

but most importantly, the equivalence of topologies with the same degree facilitated

the derivation of a model of solution quality. The quality model was transformed into

an accurate deme-sizing equation, which in turn was used to minimize the execution

time.

When the topology is �xed and the algorithm is executed until all the populations

converge to the same solution, the optimal number of populations was found to be

O(
q

nTf

Tc
), which is the same as parallel versions of GAs with a single population.

This result suggests that, regardless of their type, parallel GAs can integrate large

numbers of processors and reduce signi�cantly the execution time of many practical

applications.
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Chapter 8

Designing Hierarchical Parallel GAs

This dissertation has shown how to optimize master-slave and multiple-deme parallel

GAs. At this point, we face a critical question: given a problem and a parallel

computer, what algorithm returns the desired solution in the shortest time? A valid

answer would be to �nd the optimal con�gurations of each algorithm and choose the

algorithm with the highest speedup. However, the choice of algorithms is complicated

further because there is a third option: master-slave and multi-deme GAs may be

combined into hierarchical algorithms that have potentially better performance than

either of their components.

The con�guration of the hierarchical algorithms is easy to optimize if there are

enough processors available. However, when there is a shortage of processors, they

have to be allocated carefully between demes and slaves to obtain the fastest hier-

archical GA possible. That is the main goal of this chapter. It integrates previous

results into a method to determine the optimal combination of demes and slaves.

The chapter begins with a description of di�erent types of hierarchical GAs in

section 8.1. Then, section 8.2 discusses how to design optimal hierarchical GAs

using the models for master-slave and multiple-deme GAs presented elsewhere in

the dissertation. Section 8.3 gives a complete example that illustrates how to use

the theory on a particular problem domain and hardware environment. The chapter

ends with a brief summary in section 8.4.
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Figure 8.1: This hierarchical GA combines a multi-deme GA (at the upper level) and a �ne-grained

GA (at the lower level).

8.1 Hierarchical Parallel GAs

Previous chapters have shown that both master-slave and multiple-deme parallel GAs

can quickly reach good solutions when they are designed properly, but even greater

improvements are possible by combining the two basic forms of parallel GA into a

hierarchical algorithm Grefenstette (1981) was the �rst to propose this. The funda-

mental idea is simple: use a multiple-deme algorithm where the demes themselves

are some form of parallel GAs. At the upper level, the algorithm may be designed

with the theory presented in the previous chapter. At the lower level, there are three

choices: use a �ne-grained GA, use a master-slave GA, or use a multiple-deme GA

with very high migration to give the illusion of a single population. The remainder

of this section examines the three types of hierarchical parallel GAs.

Figure 8.1 presents a schematic of hierarchical GA with a �ne-grained GA at

the lower level. A �ne-grained GA consists on one population distributed on a grid;

selection and recombination occur within neighborhoods de�ned by the structure of

the grid (Manderick & Spiessens, 1989). Fine-grained GAs are also known as di�u-
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Figure 8.2: At the upper level this hybrid is a multi-deme parallel GA where each node is a master-

slave GA.

Figure 8.3: This hybrid uses multi-deme GAs at both the upper and the lower levels. At the lower

level intense migration gives the illusion of a single panmictic population.
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sion (Pettey, 1997) or cellular GAs (Whitley, 1993a). An example of a hybrid parallel

GAs with �ne-grained populations is the \mixed" parallel GA invented by Gruau

(1994). In his algorithm, the population of each deme was placed on a 2-D grid,

and the demes were connected as a 2-D torus. Migration occurred at regular inter-

vals, and good results were reported for a novel neural network design and training

application.

Another hybrid with a �ne-grained GA at the lower level is Asparagos96 (Gorges-

Schleuter, 1997). It was proposed as an extension to ASPARAGOS, one of the �rst

�ne-grained GAs ever proposed (Gorges-Schleuter, 1989; M�uhlenbein, 1989). The

hybrid used a ring topology to connect the demes, and the structure of the demes

was also a ring. Migration was controlled by a varying rate that was very low at

the start of the run, and was increased linearly|and very slowly|with the number

of generations. In e�ect, migration is not expected to occur until the run is very

advanced, somewhat similar to the migration strategy used by the multiple-deme

GAs in this dissertation. After all the populations converged, Asparagos96 used the

best and second best individuals of each population as the initial population of a

simple GA to try to re�ne the solutions further.

Lin, Goodman, and Punch III (1997) also used a multi-population GA with

spatially-structured subpopulations. Interestingly, they also used a ring topology

to connect the subpopulations, but each deme was structured as a torus. The au-

thors compared their hybrid against a simple GA, a �ne-grained GA, two multiple-

population GAs with a ring topology (one used 5 demes and variable deme sizes, the

other used a constant deme size of 50 individuals and di�erent number of demes),

and another multi-deme GA with demes connected on a torus. Migration occurred

at regular intervals; the best individuals of each deme were selected as migrants, and

they replaced the worst individuals at the receiving deme. Chapter 5 argued that

this migration scheme increases the selection pressure, and that convergence occurs

faster than in a simple population. The experimental design was similar to Tanese's
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where the total number of individuals is �xed, and were distributed to processors in

di�erent ways. Using a job shop scheduling problem as a benchmark, they reported

that the simple GA found inferior solutions to all the other methods, and that in-

creasing the number of demes had a larger positive e�ect on the solution quality than

increasing the sizes of the demes or the total population size. There are no timing

results for the hybrid.

Another type of hierarchical parallel GA uses a master-slave on each of the demes

of a multi-population GA (see �gure 8.2 for a schematic). Migration occurs as usual,

and the evaluation of the individuals is handled in parallel. This approach does

not introduce any new analytic problems, and it will be examined in detail in the

next section. Bianchini and Brown (1993) presented an example of this method of

hybridizing parallel GAs, and showed that it can �nd a solution of the same quality

of a master-slave parallel GA or a multi-deme GA in less time.

Interestingly, a very similar concept was invented by Goldberg (1989a) in the

context of an object-oriented implementation of a \community model" parallel GA.

In each \community" (think deme) there are multiple houses (slaves) where par-

ents reproduce and the o�spring are evaluated. In the algorithm, there are multiple

communities, and it is possible that individuals migrate to other places.

The third method of hybridizing parallel GAs is to use multi-deme GAs at both

the upper and lower levels (see Figure 8.3). The idea is to force panmictic mixing

at the lower level by using a high migration rate and a dense topology, while a

low migration rate is used at the high level (Goldberg, 1996a). We may use an

algorithm similar to to the GA with the distributed panmictic population presented

in chapter 3. Analytically, this hybrid would be equivalent to a multiple-population

GA if the panmictic groups are considered as a single deme. This method has not

been implemented.
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8.2 Optimal Hierarchical Parallel GAs

This section presents a method to design an optimal hierarchical parallel GA with

master-slave GAs at the lower level. Properly designed hierarchical implementations

should reduce the execution time more than either of their components. In particular,

the execution time of each of the upper-level demes is reduced by a factor equal to the

speedup at the lower level. Therefore, the overall speedup is given by Spmd � Spms,

where Spmd is the speedup that originates from dividing the population into multiple

demes, and Spms is the speedup from evaluating the demes using multiple slaves.

The ideal situation would be to use the optimal number of demes r� and the

optimal number of slaves S�. However, the number of processors available (P) may

be less than r�� (S�+1). If that is the case, then the processors should be allocated

between demes and slaves to maximize the overall speedup. An alternative to �nd

the optimal con�guration is simply to enumerate all possible pairs, calculate the

expected speedup for each, and choose the pair with the highest speedup. Although

the calculations are inexpensive and the number of valid demes-slaves pairs is not

too large, in fact not all of the possible pairs need to be considered.

The key to design optimal hierarchical parallel GAs is to design the upper level

�rst and then the lower level. At the upper level, the number of demes may vary

from one to the number of processors available, and since the best number of demes is

unknown, this step involves enumerating all the P possibilities. For each deme count,

the connectivity of the topology may be optimized using the theory of the previous

chapter. The result is an optimal degree that can be used directly to calculate the

optimal deme size using equation 7.11.

Designing the lower level of hierarchical GA is straightforward. The design con-

sists on �nding the optimal number of slaves for each deme count. Recall that the

optimal number of processors in a master-slave GA is
p
n
. In this case, n corre-

sponds to the deme size, which was computed in the previous step for every possible
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Figure 8.4: Speedups of optimally-con�gured hybrids of multi-deme and master-slave parallel GAs

for 
 = Tf=Tc ratios of 10, 100 and 1000 (from bottom to top, respectively).

deme count. It may turn out that the optimal number of slaves is too large, and that

there are not enough processors available (S� � r > P). In this case, the number of

slaves that should be used is the largest possible, bP=rc. Since for every deme count

there is one optimal number of slaves, the number of candidate con�gurations that

need to be evaluated is equal to the number of processors available, P.
This method accounts the two basic forms of parallel GAs: the pure master-slave

is accounted when the number of demes is one, and pure multiple-demes when r = P.
No special calculations are required to handle these cases.

Figure 8.4 shows the speedups of the optimal con�gurations of hierarchical GAs

at all possible deme counts. The example considers a situation where there are

1000 processors available, and the three plots correspond to di�erent values of 


(10,100,1000).

When 
 is high, the master-slave GA is capable of almost linear speedups, and

con�gurations with many slaves per deme would probably perform better than many

demes with few slaves. Similarly, when communications are relatively expensive, the

multiple-deme GAs have an advantage because they communicate infrequently. In

this case, higher speedups are obtained using many demes and few (if any) slaves.
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8.3 An Example of Optimal Design

This section presents an example that illustrates how to use the models introduced in

this dissertation to obtain a desired solution in the minimum time. The test function

of the example is formed by concatenating ten copies of an 8-bit fully deceptive

function. This is the same test function that was used in the early chapters of the

dissertation to validate the models for the bounding cases of multiple-deme GAs.

The objective is to reach a solution with eight BBs (Q̂ = 0:8) in the shortest time.

To make this case study as realistically as possible, no a priori knowledge about

the di�culty of the function is used. However, to facilitate comparisons with the

results of other chapters, the quality of the solutions is measured as the number of

partitions that converge to the correct BB.

The �rst step in this example is to �nd the hardware-dependent constants. Then,

the master-slave and multiple-deme models are used together to enumerate the candi-

date con�gurations as was described in the previous section. The best con�guration is

chosen; and �nally, experiments are performed to verify that the chosen con�guration

is indeed the best.

8.3.1 The Hardware

The computer used in this example is an IBM SP-2 with eight processing elements

(\thin nodes" in IBM terminology). Each processing element is a Power PC 604

running at 133 Mhz with 256 Mb of memory. The nodes are connected with an IBM

High Performance Switch (100 Mbits/sec) and by a 10 Mbits/sec Ethernet.

The parallel GA code was programmed in C++ and compiled with IBM's xlC

compiler using the -O2 
ag to optimize the code. Communications were handled by

PVM 3.4, and only the fast switch was used in the experiments.

Since the original function is very inexpensive, its execution time was arti�cially

raised to Tf = 1 ms. The communication time was measured varying the size of the
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packets, and for the message lengths that are likely to be used in this example the

time was approximately 1 ms.

8.3.2 Finding the Best Con�guration

The �rst step to use the theory is to calibrate the gambler's ruin model to the

particular domain. A simple GA with pairwise tournament selection and one-point

crossover was used to experiment. Three runs were performed with population sizes

of 100, 200, and 400 individuals. The solutions found had 1, 2 and 4 correct BBs,

respectively, which is far below the desired 8 BBs and indicates that much larger

populations are needed.

The gambler's ruin model has two problem-dependent parameters: the order of

the BBs, k, and the correct decision-making probability, p. For a given problem,

however, we may group the domain-dependent components into one constant, and

use the experimental results to determine its value. Speci�cally, the gambler's ruin

problem may rewritten in the following way:

Pbb � 1�
 
1� p

p

!n=2k

= 1� y
n
:

A least-squares steepest-descent method was used to �t Q = 1� y
n to the exper-

imental data1. The result is that y = 0:998786, which is not very di�erent from the

value that would be obtained using the known theoretical values of p = 0:5334 and

k = 8 for this problem (y = 0:999022).

The population size that a simple GA requires to �nd 8 BBs may now be easily

determined as

n =
ln(1� Q̂

m
)

ln y
=

ln(1� 0:8)

ln 0:998786
= 1325:

1Speci�cally, Mathematica 3.0's NonlinearRegress function was used as follows:

data=ff100,0.1g,f200,0.2g,f400,0.4gg;
NonlinearRegress[data,1-y^n, n, y, Method->FindMinimum].

126



r �
�

n
�
d

P� Slaves used

1 0 1325 36 7

2 1 519 23 3

3 2 405 20 1

4 3 345 19 1

5 4 307 18 0

6 5 279 17 0

7 6 258 16 0

8 7 241 16 0

Table 8.1: Optimal con�gurations for each possible deme count.

Since Tf = Tc = 1ms, the optimal number of processors of a master-slave parallel

GA on this problem is
p
1325 = 36, which is much greater than the eight processors

available. Therefore, it is likely that very satisfactory near-linear speedups would be

observed if only a simple master-slave GA is used. However, we follow the procedure

outlined in the previous section to determine the optimal allocation of processors

between demes and slaves.

For each deme count from one to eight, the optimal degree �� was computed using

equation 7.13. In all cases, the optimal degree was larger than eight, and therefore

the largest degree possible (r � 1) was used in each case.

The optimal degree (r � 1) was used to calculate the optimal deme size using

equation 7.11. Then, using the optimal deme size, the optimal number of processors

for a master-slave GA was calculated. The results are presented in table 8.1. For all

deme counts, the optimal number of slaves exceeds the number of processors available,

so the maximum possible number of slaves is used.

Experiments were performed with a hierarchical parallel GA using the con�gura-

tions in table 8.1. The elapsed time was measured and averaged over ten trials. Each

deme used pairwise tournament selection, one-point crossover with probability 1, and

no mutation. The hierarchical GA found solutions with at least 8 BBs in all cases,
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Figure 8.5: Theoretical predictions (line) and experimental results (dots) of the speedups of

optimally-con�gured hybrids of multi-deme and master-slave parallel GAs.

except when r = 2 where the average solution had 7.7 BBs. The average speedup

is presented in �gure 8.5 along with the theoretical predictions. The experiments

match the theory very well, and con�rm that the best con�guration for this problem

has one deme and seven slaves.

If there were more processors available, the optimal con�guration would be dif-

ferent. For example, if there were 1000 processors the optimal con�guration would

have 166 demes with 6 slaves per deme.

8.4 Summary

This chapter examined hierarchical combinations of multiple-deme and master-slave

GAs that are capable of greater speedups than either of their parts alone. The

hierarchical algorithms are composed of multiple demes, and the demes themselves are

parallel GAs. The �rst section of the chapter identi�ed three hierarchical algorithms

that di�er in the method used to parallelize the upper-level demes.

The rest of the chapter focused on hierarchical algorithms where the upper-level

demes are master-slave GAs. The second section introduced a method to distribute
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the available processors between upper-level demes and lower-level slaves to minimize

the execution time.

Finally, section 8.3 presented a step-by-step example of the use of the theory of

this dissertation to a particular problem. The example assumed minimal knowledge

about the domain, and showed how only simple experiments are necessary to calibrate

the theory to obtain very accurate results.
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Chapter 9

Summary, Extensions, and Conclusions

This chapter �rst summarizes the �ndings and the recommendations that originate

from the research contained in this dissertation. Next, it discusses possible extensions,

and �nally it presents the conclusions of this study.

9.1 Summary

The design of e�cient and accurate parallel GAs is a complex problem. One must

decide on a con�guration among the many choices of topologies, migration rates,

number and size of demes. Each parameter a�ects the quality of the search and

the e�ciency of the algorithm in non-linear ways, making the choices di�cult. The

ultimate goal is to determine the con�guration that reaches a solution of the required

quality as fast as possible, and this dissertation made some important strides towards

this goal. The investigation centered on sizing populations correctly, because the cost

and the solution quality are determined mainly by the population size. The other

parameters were also considered and their in
uence on e�ciency and accuracy were

quanti�ed accurately.

The �rst part of this dissertation studied GAs with one population, and produced

two important results. The �rst is an accurate model of simple GA performance

based on the gambler's ruin problem. This model integrates previous knowledge of

BB supply and correct decision making into an accurate predictor of solution quality.

Chapter 2 presented empirical evidence that validates the accuracy of the predictions
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on various settings of practical interest. The model was successfully tested with

functions of varying di�culty, with badly scaled subfunctions, and with external

sources of noise.

The second contribution from the �rst part is a lower bound on the bene�ts that

should be expected from parallel GAs. The analysis of the simple master-slave GA

in chapter 3 showed that there is an optimal number of processors P� =
q

nTf

Tc
that

minimizes the execution time, and that the maximum parallel speedup is 0:5P�. The
critical number of processors that maintain a desired e�ciency was calculated, and

used to determine that Pl = (
nTf

Tc
)1=3 processors maintain a near-perfect e�ciency of

1� 1
Pl
. More sophisticated parallel GAs should be more e�cient and produce higher

speedups or be discarded.

In addition, chapter 3 described a single-population GA that resembles a bound-

ing case of multi-deme GAs. Although this algorithm is less e�cient than the simple

master-slave, it has important theoretical implications, because straightforward cal-

culations show that it can use O(
q

nTf

Tc
) processors to reduce the execution time. This

is asymptotically the same number of processors that the master-slave can use, and

later chapters show that other multi-deme GAs also use this many processors.

The major part of this research focused on parallel GAs with multiple populations.

These algorithms have been very popular, but the e�ects of their parameters on the

solution quality and algorithmic e�ciency are not well understood. To begin making

progress in the study of multi-deme GAs, the second part of the thesis considered

two bounding cases.

Chapter 4 showed how to extend the gambler's ruin model to calculate the ex-

pected quality of the best of r isolated or fully-connected demes. This chapter shows

that distributing the population into multiple demes has two e�ects on the quality.

The �rst is that the quality required of each deme may be reduced, because in a

successful run only one of the demes has to reach the desired solution. The reduction

in the target quality translates into smaller demes, which in turn represent a shorter
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execution time. However, the reduction is only marginal. The second e�ect of using

multiple demes has a greater impact on the quality and occurs when the populations

communicate. After migration, the demes restart with a larger number of BBs than

when they are initialized randomly, and therefore reach solutions of higher quality.

The key idea introduced in chapter 4 to predict the quality of communicating

demes is to calculate how many copies of the correct BBs are present in the demes

after migration. Then, the gambler's ruin model is used to predict the outcome of

the second epoch. The same idea is at the core of the more re�ned models in the

remainder of the dissertation.

The calculations in chapter 5 showed that the isolated bounding case does not

result in signi�cant performance improvements, and should be avoided in practice.

On the other extreme, the size of the fully connected demes decreases substantially,

thereby reducing considerably the time used by computations. However, the reduc-

tion in computations is paired with a rapidly increasing cost of communications. This

tradeo� was used to �nd the deme size and deme count that together minimize the

execution time.

Chapter 5 also discussed the controversial claims of superlinear speedups in par-

allel GAs. It explained that the total work performed by multiple populations may

be reduced if migrants and the individuals they replace are selected according to their

�tness. This additional selection pressure causes the parallel algorithm to converge

in fewer generations than the serial GA. The other argument to explain superlinear

speedups is that sometimes the deme sizes may be reduced by a factor greater than

the number of demes and still reach the same solutions. Small demes lose diversity

quickly, but migration may restore it, thereby extending the convergence time and

increasing the chances that crossover mixes BBs together.

Chapter 6 used Markov chains to extend the predictions of quality to consider

multiple migration epochs. The �rst result of the analysis is that the major im-

provements in quality come after the second epoch, and therefore the results from
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previous chapters are relevant and particularly useful. This chapter also showed that

the long-term search quality of r fully-connected demes of size nd is equivalent to

a single GA with a population of size rnd when the migration rate is maximal. As

the migration rate decreases the quality deteriorates, but even moderate migration

rates are su�cient to maintain the illusion of a panmictic population. In any case,

since the cost is independent of the migration rate (because migrations occur after

convergence), there is no reason to avoid the highest values.

Chapter 6 also introduced the �rst model of arbitrary topologies, which are the

topic of the third part of the dissertation. The model explicitly accounts for all

the possible states of the r demes, and therefore it is very accurate, but it is also

impractical for large r. Nevertheless, the model showed that the in
uence of the

topology on the solution quality is signi�cant and should be examined further.

Chapter 7 presented simple models that relate the deme size, the migration rate,

and the degree of the topology with the quality and cost of the search. The models

explain why demes with many neighbors are more likely to �nd the desired solution

than sparsely connected demes. However, the usual tradeo� between decreasing

computations and increasing communications appears, and the analysis showed how

to choose the degree of the topology that minimizes the total cost. As with the

bounding cases, the initial analysis considered the �rst two epochs, and it was later

extended to arbitrary epochs.

An important observation made in chapter 7 is that the optimal degree, ��, does

not vary considerably as the number of demes is increased. Since the execution time

largely depends on the degree, this observation implies that the execution times of

optimally-con�gured topologies do not vary much either. Therefore, any optimally-

con�gured topology would be a good choice to reduce the execution time. Previously,

the fully connected topology was optimized, and the results of chapter 7 suggest that

is may be an adequate time reductor, even though it cannot connect many demes.

In fact, an optimal fully connected topology uses fewer demes (r� = �
�+1) than any
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other optimally-con�gured topology, and therefore it is very e�cient (in terms of Sp

P ).

This chapter also established that when the topology is �xed and the algorithm

is executed until all the demes converge to the same solution, the optimal number

of populations is O(
q

nTf

Tc
), which asymptotically is the same as parallel versions

of GAs with a single population. This result suggests that|regardless of whether

parallel GAs use a single or multiple populations|they can integrate large numbers of

processors and reduce signi�cantly the execution time of many practical applications.

Master-slave and multi-deme GAs may be combined into a hierarchical algo-

rithm that promises to be very e�cient and scalable to large parallel architectures.

Chapter 8 described di�erent types of hierarchical parallel GAs, and examined the

question of how to choose the fastest con�guration. In an ideal situation, there would

be enough processors available to use the optimal number of demes (r�) and the op-

timal number of slaves (S). In this case, the speedup of the best hybrid parallel GA

would be the product of the speedup of the optimal master-slave GA by the speedup

of the optimal multi-deme. More often, there are not enough processors to implement

the best con�guration, and those that are available have to be distributed carefully

between demes and slaves to obtain the combination that minimizes the execution

time. The chapter presented a method that integrates the theory introduced earlier

to �nd the optimal distribution of processors.

When communications are expensive relative to computations, the best algorithm

will have few slaves and many demes, because the master-slave GA communicates

often. As computations become more costly, the best hierarchical con�gurations will

likely have more slaves per deme.

The last chapter also contained a complete step-by-step example that illustrated

how to apply the theory presented in this dissertation to a particular problem domain.

The example discussed how to determine the domain-dependent constants present in

the equations, and it used the method described earlier to �nd the best combination

of demes and slaves.
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9.2 Extensions

Although this dissertation considered many of the salient issues in the design of

parallel GAs, the research can be extended in several important directions.

For instance, the second part of the dissertation studied lower and upper bounds

on the topology and the migration rate. Those cases also bounded the frequency of

migration to its lowest value: migration occurred only after convergence. That low

frequency is su�cient to reach solutions of the same quality as a panmictic population,

and the communications costs are kept low. However, many users of multi-deme

GAs set migrations to occur every few generations or even every generation. This

migration strategy introduces new options and makes the design problem even more

di�cult. In particular, one must decide how often to migrate, how to choose the

migrants, and how to replace individuals at the receiving deme.

The method presented in this thesis can be extended to consider frequent mi-

grations. A fundamental premise of the analysis is that the quality of the solution

before migration is known. With an accurate prediction of quality as a function

of the elapsed time or generations, we could use the framework of this dissertation

to predict the quality after migration. M�uhlenbein and Schlierkamp-Voosen (1993)

developed such a model of quality vs. time for the one-max function. Their model

assumes that the population is sized properly so that the GA eventually converges to

the right solution, but it can be modi�ed to consider convergence to a lesser solution.

Then, the gambler's ruin model could be used to determine the required deme sizes.

M�uhlenbein and Schlierkamp-Voosen's model also permits to calculate the time

it takes the simple GA to converge. On the parallel case, the convergence time

would be di�erent depending on which individuals are chosen to migrate and on

how the migrants replace individuals at the receiving deme. The most aggressive

policy is to send copies of the best individuals and to use them to replace the worst

individuals of the receiving deme, which is the most common practice. This results
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in faster convergence than sending or replacing individuals at random, and it was

argued before that this may be the reason why multiple populations reduce the total

cost. Characterizing the takeover time of the di�erent policies is important because

if convergence occurs too fast, crossover would not have enough time to mix BBs and

form good solutions.

Another direction for future research is the study of GAs with structured pop-

ulations. These are a di�erent form of parallel GAs that were brie
y mentioned in

the discussion of hierarchical parallel GAs. The basic idea is that the individuals are

distributed on a lattice, and that selection and crossover occur only within a desig-

nated neighborhood. This class of parallel GAs come with its own set of parameters

and choices: the size and shape of the neighborhoods, the selection and replacement

of individuals, and the distribution of the population structure to multiple proces-

sors. Since this is an algorithm with one population, some questions could at least be

approximated with the theory for simple GAs. Other aspects particular to these par-

allel GAs have been studied by others. For example, Spiessens and Manderick (1991)

and Sarma and De Jong (1996) determined that varying the size and the shape of

neighborhoods a�ects the selection pressure in a manner analogous to varying the

tournament size in a simple GA. Anderson and Ferris (1990) and Schwehm (1992)

examined the e�ect of di�erent population structures on the quality and convergence

speed of the algorithm. A better understanding of structured populations is neces-

sary to use them with con�dence as stand-alone problem solvers or as components of

hierarchical parallel GAs.

9.3 Conclusions

This dissertation introduces a principled methodology towards the rational design of

fast parallel GAs. Practitioners and theoreticians alike can bene�t from the research

reported here. On one hand, theoreticians may adopt the decomposition of the
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complex design problem into semi-independent facets to obtain simple, useful, and

accurate models of other aspects of simple of parallel GAs. Most of the contributions

of this research were made possible by focusing on one facet and assuming that the

others had appropriate settings or were bounded by the cases that we examined. This

work stands as a proof of principle that exact or complete models are not necessary

to grasp the e�ects of the problem's di�culty and the parameters of parallel GAs on

quality and e�ciency.

On the other hand, practitioners no longer need to use blind guessing or expensive

systematic experimentation to determine the size and number of demes or how to con-

nect them. Instead, they can use the tools developed here to choose a con�guration

that yields good results fast and reliably. Some experimentation may be necessary to

calibrate the models to the particular domain and hardware environment, but these

experiments are cheap and easy to perform.

In particular, this dissertation made the following contributions to our under-

standing of parallel GAs:

Accurate population sizing for simple and parallel GAs. An adequate pop-

ulation size is necessary for GAs to be both e�ective and e�cient. The gam-

bler's ruin model for simple GAs (Harik, Cant�u-Paz, Goldberg, & Miller, 1997)

and its extensions to parallel GAs enable the adequately sizing of GAs to reach

solutions of arbitrary quality on particular domains.

Equivalent scalability of single and multiple demes. The optimal number of

processors of parallel GAs with a single population and several bounding cases

of multiple communicating populations is asymptotically the same: P� =

O(
q

nTf

Tc
). This means that regardless of their type (single or multiple pop-

ulations) parallel GAs can integrate large numbers of processors. Although for

a long time parallel GAs have been regarded as highly scalable, the closed-

form expressions of P� permit to quantify those claims taking into account the
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speci�c problem domain and the hardware platform.

Lower bound on acceptable parallelism. With very simple calculations users

can determine the minimum bene�ts they can expect from parallel implemen-

tations. An objective evaluation of the potential bene�ts can be very useful to

make the decision of implementing a parallel GA.

Isolated demes are impractical. Users should steer away from this extreme case

of parallel GAs because the savings on execution time are only marginal.

Migration greatly improves quality and e�ciency. The quality improves greatly

after the second epoch, and in the limit it approaches the quality that an ag-

gregate panmictic population would reach. With higher average qualities per

deme, their sizes can be reduced to obtain signi�cant savings on the execution

time.

Fully connected topologies may be adequate. Although this topology is not

scalable, it reduces the execution time signi�cantly using few demes.

Varying migration rates. In general, higher migration rates result in better so-

lutions, but even moderately low rates are su�cient to reach solutions of the

same quality as a panmictic population.

E�ect of topologies. Dense topologies result in better solutions because there are

more potential sources of BBs, but they are also more costly than sparse topolo-

gies. Calculations presented in this dissertation quantify the increases in quality

and cost, and show how to choose a topology that minimizes the e�ort while

still reaching the desired solution.

Optimal allocation of available resources. The theory introduced in this disser-

tation can be used to determine the number of demes, their size, their connec-
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tivity, and the number of slaves per deme that reach the desired solution with

the minimum cost.

While there is much work needed to fully comprehend all facets of parallel GAs,

the results from this research constitute a collection of ideas that expand our knowl-

edge of these algorithms. They should be incorporated into projects that use parallel

GAs to improve both solution quality and algorithmic e�ciency.
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