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Abstract ___  Scatter search is an evolutionary method that has proved highly effective 
in solving several classes of non-linear and combinatorial optimization problems. 
Proposed early 1970s as a primal counterpart to the dual surrogate constraint 
relaxation methods, scatter search has recently found a variety of applications in a 
metaheuristic context. Because both surrogate constraint methods and scatter search 
incorporate strategic principles that are shared with certain components of tabu search 
methods, scatter search provides a natural evolutionary framework for adaptive 
memory programming. The aim of this paper is to illustrate how scatter search can be 
effectively used for the solution of general permutation problems that involve the 
determination of optimal cycles (or circuits) in graph theory and combinatorial 
optimization. In evidence of the value of this method in solving constrained optimization 
problems, we identify a general design for solving vehicle routing problems that sets our 
approach apart from other evolutionary algorithms that have been proposed for various 
classes of this problem. 
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1. Introduction 

Scatter search is an evolutionary method proposed by Glover (1977) as a primal 
counterpart to the dual approaches called surrogate constraint methods, which were 
introduced as mathematical relaxation techniques for discrete optimization problems 
(Glover 1965). As opposed to eliminating constraints by plugging them into the objective 
function as in Lagrangean relaxations, for example, surrogate relaxations have the goal 
of generating new constraints that may stand in for the original constraints. The 
method is based on the principle of capturing relevant information contained in 
individual constraints and integrating it into new surrogate constraints as a way to 
generate composite decision rules and new trial solutions. Scatter search combines 
vectors of solutions in place of the surrogate constraint approach of combining vectors 
of constraints, and likewise is organized to capture information not contained 
separately in the original vectors. Also, in common with surrogate constraint methods it 
is organized to take advantage of auxiliary heuristic solution methods to evaluate the 
combinations produced and generate new vectors. As any evolutionary procedure, the 
method maintains a population of solutions that evolves in successive generations.  
 
A number of algorithms based on the scatter search approach have recently been 
proposed for various combinatorial problems (see Kelly,  Rangaswamy and Xu 1996, 
Fleurent et al. 1996, Cung et al. 1999, Laguna, Martí and Campos 1999, Campos et al. 
1999, Glover, Løkketangen and Woodruff 1999, Atan and Secomandi 1999, Laguna, 
Lourenço and Martí 2000,  Xu, Chiu and Glover 2000). 
 
In this study we provide a general scatter search design for problems dealing with the 
optimization of cycles (or circuits) on graphs. The traveling salesman problem (TSP) 
which consists of finding the shortest Hamiltonian cycle (or circuit in the asymmetric 
case) is a typical example of this class of problems. It is well-known that the TSP is NP-
Complete so that efficient heuristic methods are required to provide high quality 
solutions for large problem instances (see Johnson and McGeoch  1997, Rego 1998). A 
direct extension of the TSP is the vehicle routing problem (VRP) where side constraints 
force the creation of multiple Hamiltonian cycles (routes) starting and ending at a 
central node (representing a hub or depot). Both TSP and  VRP problems provide a 
general model for a wide range of practical applications and are central in the fields of  
transportation, distribution and logistics (see Reinelt 1994, Laporte and Osman 1995). 
Empirical studies have shown that the VRP is significantly harder to solve than TSPs of 
similar sizes (see Gendreau, Hertz and Laporte 1994, Rochat and Taillard 1995, and 
Rego 1998, 2000, for some of the current best heuristic algorithms for the VRP). 
Because of its theoretical and practical relevance we use the vehicle routing problem to 
illustrate the various procedures involved in the scatter search template. 
 
Also, while other tutorials on scatter search exist (see, e.g. the articles by Laguna (2001) 
and Glover, Laguna and Martí (2001)), there have been no exposition of the approach 
that disclose its operation within the setting of routing. 
 
The remainder of this paper is organized as follows. An overview of the scatter search 
method is presented in section 2. Section 3 defines the vehicle routing problem and 
presents formulations that are relevant for the context of the paper. Section 4 illustrates 
the design of the scatter search procedure for an instance of the problem. Section 5 
summarizes and discusses possible generalizations of the proposed template. 
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2. Scatter Search Overview 

Scatter search operates on a set of reference solutions to generate new solutions by 
weighted linear combinations of structured subsets of solutions. The reference set is 
required to be made up of high-quality and diverse solutions and the goal is to produce 
weighted centers of selected subregions that project these centers into regions of the 
solution space to be explored by auxiliary heuristic procedures. Depending on whether 
convex or nonconvex combinations are used, the projected regions can be respectively 
internal or external to the selected subregions. For problems where vector components 
are required to be integer a rounding process is used to yield integer values for such 
components. Rounding can be achieved either by a generalized rounding method or 
iteratively,  using updating to account for conditional dependencies that can modify the 
rounding options. Regardless the type of combinations employed, the projected regions 
are not required to be feasible so that the auxiliary heuristic procedures are usually 
designed to incorporate a double function of mapping an infeasible point to a feasible 
trial solution and then to transform this solution into one or more trial solutions. 
(Although, the auxiliary heuristic commonly includes the function of restoring 
feasibility, this is not an absolute requirement since scatter search can be allowed to 
operate in the infeasible solution space.) From the implementation standpoint the 
scatter search method can be structured to consist of the following subroutines:  
 
Diversification Generation Method -  Used to generate diverse trial solutions from one or 
more arbitrary seed solutions used to initiate the method. 
 
Improvement Method - Transform a trial solution into one or more enhanced trial 
solutions. (If no improvement occurs for a given trial solution, the enhanced solution is 
considered to be the same as  the one submitted for improvement.)  
 
Reference Set Update Method - Creates and maintains a set of reference solutions 
consisting of the best according to the criteria under consideration. The goal is to 
ensure diversity while keeping high-quality solutions as measured by the objective 
function.  
 
Subset Generation Method - Generates subsets of the reference set as a basis for 
creating combined solutions. 
 
Solution Combination Method - Uses weighted structured combinations to transform 
each subset of solutions produced by the subset generation method into one or more 
combined solutions. 
 
A general template for a scatter search algorithm can be organized in two phases 
outlined as follows.  
 
Initial Phase  
1. Diversification Generation Method 
2. Improvement Method 
3. Reference Set Update Method 
4. Repeat this initial phase until producing a desirable level of high-quality and diverse 

solutions. 
Scatter Search Phase 
5. Subset Generation Method 
6. Solution Combination Method 
7. Improvement Method 
8. Reference Set Update Method 
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9. Repeat this scatter search phase while the reference set converges or until a 
specified cutoff limit on the total number of iterations. 

 
 

3. The Vehicle Routing Problem 

The vehicle routing problem is a classic in Combinatorial Optimization. To establish 
some basic notation, and to set the stage for subsequent illustrations, we provide a 
formal definition of the vehicle routing problem in this section. We also present two 
mathematical formulations which are relevant for the scatter search design introduced 
in the next section. 
 
3.1. Problem definition 
 
In graph theory terms the classical VRP can be defined as follows. Let G  be a 
graph where V  is a vertex set, and 

)A,V(=
{ nv,,v,v K10= } { }ji ≠V,,vv|),v(vA jiji ∈=

A)v,v ji ∈

 is an arc 

set. Vertex v  denotes a depot, where a fleet of m identical vehicles of capacity Q are 
based, and the remaining vertices V  represent n cities (or client locations). A 
nonnegative cost or distance matrix C  which satisfies the triangle inequality 

( ) is defined on A. When c  for all (  the problem is said to be 

symmetric and it is then common to replace A with  the edge set 

0

{ }0v\V' =
)c( ij=

jiij c=kjikij ccc +≤

{ |),v j(vE i=  

}jiV,,vv ji ≠∈ . It is assumed that [ m,m∈ ]m  with 1=m  and 1−= nm . The value of m 
can be a  decision variable or can be fixed depending on the application.  
 
Vehicles make collections or deliveries but not both. With each vertex v is associated a 
quantity  of some goods to be delivered by a vehicle. The VRP consists of 
determining a set of m vehicle routes of minimal total cost, starting and ending at a 
depot v , such that every vertex in v

i

iq )0(q0 =

0 ∈i 'V  is visited exactly once by one vehicle and the 
total  quantity assigned to each route does not exceed the capacity Q of the vehicle 
which services the route.   
 
We define a solution for the VRP as a set of m routes, S , 

 where is an ordered set representing consecutive vertices in 

the route k. Consequently, we denote v  if v  is component of R and similarly 
 ∈ if v , v are two consecutive vertices in R . Finally, the cost of a solution S 

is defined as C . 

{ }mR,,R K1=

k

)v,v,v,v(R kkk 00 21
K=

)v,v( ji kR i k

=)S(

kR

≤ ∈k R)j,i(

ki R∈ i

k

∑ ∑≤m ij
k
c1
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3.2. Vehicle Flow Formulation 
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In this formulation (Fisher and Jaikumar 1981), variables  indicates whether or not 

 is an edge of route k in the optimal solution, and similarly y specifies whether  

route k contains vertex v . Constraints (1) guarantee that vehicle capacity is not 
exceeded; constraints (2) ensure that each city is visited by exactly one vehicle and m 
vehicles visit the depot; constraints (3) ensure that every city is entered and left by the 
same vehicle; subtour elimination are specified by constraints (4); and equations (5) are 
the integrality constraints.  

k
ijx

)v,v( ji
k
i

i

 
This formulation contains two well-known problems: the generalized assignment 
problem (GAP) specified by constraints (1), (2) and (5); and the traveling salesman 
problem (TSP). The TSP results when the y ’s are fixed to satisfy the GAP constraints 
for a given k, whereupon constraints (3) and (5) define a TSP for vehicle k. Specifically, 
the GAP is the subproblem responsible for assigning clients to vehicle routes, and the 
sequence in which clients are visited by a vehicle is determined by the TSP solution over 
each individual route. 

k
i

 
Laporte, Nobert, and Desrochers (1985) show that a two-index formulation can be 
derived from a three-index formulation by aggregating all  variable into a single k

ijx
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variable which does not refer specifically to a particular route, but simply indicates 

whether or not an arc ( is in the optimal solution. For the symmetrical case the 

value of the x  variable indicates the number of times (0,1, or 2) that the corresponding 
edge is used in the optimal solution. We will see later that this vehicle-flow formulation 
and the index-reduction concept proves useful in several parts of our scatter search 
model. 

ijx

1 0

kn

k i

k

c

q Q

= =
∑ ∑

)v,v ji

, (

(2)

m

ij

,π π

}

k
0π

 
3.3. A Permutation-Based Formulation 

 
In combinatorial optimization it is usually useful to distinguish two classes of problems 
according to whether the objective is to find (1) an optimal combination of discrete 
objects, or (2) an optimal permutation of objects. In the first case, a solution is a non-
ordered set while in the second a solution is a ordered set (or a sequence). For instance, 
the 0-1 knapsack problem and the set covering problem are typical examples of 
combination problems where a solution can be interpreted to consist simply of a set of 
elements. Permutation problems on the other hand, are exemplified by job scheduling, 
traveling salesman, and vehicle routing problems where different arrangements of the 
same set represent different solutions (allowing for a sequence to be considered 
equivalent to its reverse ordering in the case of symmetric problems). The differentiation 
of these two types of combinatorial problems is particularly relevant because the 
specialized methods that apply to these problems, especially those methods based on 
graph theoretic representations, differ dramatically in the two cases. We will address to 
these features later on when describing the proposed scatter search template.  
 
The VRP, which is the primary focus of this tutorial, seeks to determine an optimal 
permutation according to the following formulation: 
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Here, a solution is defined by the permutation { }m

n
m
1

1
n

1
1 m1

,,,,,, ππππ KKK of vertices  

. Vertex v  is implicitly represented by inserting it at the beginning and end of 
each subsequence k of the permutation (and may be expressed by “dummy 
elements”  and ). The permutation is partitioned into subsequences by indexes 

 and may be interpreted to consist of m separate routes, where the sequence of 
nodes on a given route identifies the order in which clients (vertices) are visited by a 
vehicle assigned to that route.  

{ n1 v,,v K

kn

0

k
nk

π 1+
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4. Scatter Search Template 

 
Consider the following VRP instance with n , Q , q  

, ]m ,  and a cost matrix C defined 
as follows: 

14= 30=
(=

,20,6,0()14,,0i)(q( i === K

)ji,14,,1j,i)(ij <= K)7,4,3,4,5,5,7,8,10,9,8 [ 14,1∈ c

 













































=

0
97.30
87.1214.90
07.1726.1395.80
86.1398.924.640.30
30.1550.1188.777.181.10
35.1474.1085.826.370.292.10
04.1344.927.834.460.272.230.10
91.694.260.648.1014.775.822.896.60
01.815.402.526.1085.660.846.831.771.10
54.1730.1405.1312.582.630.530.430.512.1260.120
88.1579.1259.1276.548.634.578.340.480.1047.1184.1
54.1320.1319.1910.1602.1596.1404.1348.1262.1324.1552.1289.100
74.1504.1298.873.182.212.157.177.239.941.919.436.440.140

96.761.451.830.940.654.740.611.513.353.471.918.882.1085.70

C

 

 
A viewgraph of the clients’ spatial distribution and the corresponding vertex coordinates 
that gave rise to the matrix C is provided in the appendix. We will use this special 
representation of the problem to illustrate different procedures used in the scatter 
search design. 
 
Now, we can proceed to the illustration of the scatter search design using the defined 
VRP instance as an example of a permutation problem. We first describe in the context 
of the VRP each of the methods considered in the general scatter search template. Then, 
we present the various procedures integrated in the overall algorithm. 
 
Initial Phase 
 
Diversification Generation Method 
 
Scatter search starts with an initial set of trial solutions which are required to be 
different, thus the use of a systematic procedure to generate these solutions is 
appropriate. Regarding the VRP as permutation problem we consider the generator of 
combinatorial objects described in Glover (1997), which operates as follows. A trial 
permutation P is used as a seed to generate  subsequent permutations.  Define the 
subsequence P(h:s) where s is a positive integer between 1 and h, so that 

, where r is the largest nonnegative integer such that 
. Finally, define the permutation P(h) for h<n, to be  

. In the VRP context we consider permutations in n-vectors where 
components are all vertices v . Consider for illustration h , and a seed 
permutation  given by the sequence of clients 
ordered by their indices. The recursive application of P(4:s) for s  results the 
subsequences, , , 

)rhs,,h2s,hs,s()s:h(P +++= K

nrhs ≤+
),1h:h(P − ,K ))1:h(P

i ∈
{ 9,8,7,6,5,4,3,2,1P =

{ }12,8,4P = P =

=)h( (

4=

1,,K

P )h:h(P ,

}
{ }0v\V

12,11,10,

{ }11,7,3

14,13,
4=

{ }P = 2,

kh

6,10,14
}

, and , hence 
. For illustration purposes we consider the set of 

initial vertices assignments A

}{= 13,9,5,1P
{ 9,5,1,14,10,6,2,11,7,3,12,8,4)4(P =

)10,,1h( K=
))h(Pi(i ∈

13,

R

h to vehicle routes derived from permutations P(h) 
 where each cluster of vertices in a route is obtained by successively 

assigning a vertex v  to a route (initially k=1) until the cumulative quantity 
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kQ =  does not exceed Q with the insertion of a new vertex v .  As soon as 

such a cutoff limit is attained a new assignment is created by incrementing k by one 
unit, and the process goes on until all vertices have been assigned. Table 2 shows the 
assignment derived from permutation P , where shadowed cells indicate the Q  
value associated with the insertion of vertex v in a route .  

∑ ∈ khi Rv iq

4A

jk

)4(

i

k

kR

v

c) +

 
P(4) i 4 8 12 3 7 11 2 6 10 14 1 5 9 13 

Rk qi 8 7 3 9 8 4 20 10 5 7 6 9 5 4 

R1  8 15 18 27           

R2      8 12         

R3        20 30       

R4          5 12 18 27   

R5              5 9 

 
Table 2. Sequential assignment of clients to vehicle routes 

 
In fact, the result obtained can be viewed as a generalized assignment process which 
does not rely on the order in which clients are visited, though it ensures that all the 
initial solutions that can be created are feasible and different (since they derive from 
distinct permutations). Vehicle routes can thus be determined by using any traveling 
salesman algorithm on the subgraph defined by the previous assignments.  
 
For illustration, we consider the standard 2-exchange procedure (Lin 1965) to find a 2-
optimal TSP tour for each individual route. The 2-optimal procedure is a local search 
improvement method, hence an initial feasible TSP solution for each route R  is 
required to start the method. A straightforward method to create this solution can be 
obtained by successively linking vertices in the order they appear in the permutation 
and attaching the initial and ending vertices to the depot. Then, the method proceeds 
by replacing two edges 

k

)v,v ii(  and )v,v( jj by two others and )v,v( ji )v,v( ji  where 

denotes the successor of v  in a given orientation of the route. Hence, in order to 
maintain the feasible orientation of the route, the subpath )v, j,vi K(  needs to be 

reversed, so that the subpath )v,v,,v,v jjii K(  becomes )v,v, ji,v,v ji K( . For 

convenience, denote the c  values by c  so that the solution cost change 
produced by a 2-exchange move can be expressed as 

ij )v,v( ji

)v,v(c)v(c)v,v(v,v(c jjjiji −−= v, iiij∆ .  A 2-optimal (or 2-opt) solution is obtained by 
iteratively applying 2-exchange moves until no possible move yield  a negative  value.  ∆
 
As the purpose of the diversification generation method is to generate diverse solutions 
rather than high quality solutions, it is convenient to make the method fast, therefore 
we have adopted a first-improvement (as opposed to a best-improvement) strategy for the 
TSP heuristic. 
 
Table 3 shows the four iterations carried out to create the solution S4. Specifically, the 
first column shows the initial trial solution T4 created from the assignment A4  (defined 
in Table 2) and the final solution S4. Figures within parenthesis indicate the iteration 
number. The second column shows vertices vi, vj that define the move from one 
iteration to another. (Note that a 2-exchange move is completely identified by vertices 

since the two other vertices are necessarily their successors, respectively ji v,v iv  and 
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jv .) The remaining columns show the routes in each solution, the solution cost, and the 
value associated with the move that has led to the solution shown in the next row. 
Boldfaced numbers indicate the changes carried out by the corresponding move. The 
result of these changes are illustrated in  Figure 2, which depicts the initial trial 
solution T4 and the final solution S4. 
 
 
 

Solution Move R1 R2 R3 R4 R5 Cost 
ij∆  

T4(1) 
T4(2) 
T4(3) 
T4(4) 
S4 

v0,v12 
v10,v1 

v1,v5 

v0,v1 

4 8 12 3  
12 8 4 3  
12 8 4 3  
12 8 4 3  
12 8 4 3  

7 11 
7 11 
7 11 
7 11 
7 11 

2 6 
2 6 
2 6 
2 6 
2 6 

10 14 1 5 
10 14 1 5 
10 1 14 5 
10 1 5 14 
1 10 5 14 

9 13  
9 13  
9 13  
9 13  
9 13  

163.54 
151.60 
139.15 
136.25 
135.15 

-11.94 
-12.45 
-2.90 
-1.10 

 
 

Table 3. Application of 2-opt procedure to T4  trial solution  
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Figure 2. Solutions T4 (left-hand side) and S4 (right-hand side) 
 
The shape of the solutions in the figure clearly show that routes R1 and R4 were 
significantly improved. Repeating the process for the rest of the permutations we obtain 
the ten solutions produced by the diversification generation method as illustrated in 
Table 4. 
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Solution Routes Cost 
T1 
S1 

0 1 2 0 3 4 5 0 6 7 8 9 0 10 11 12 13 14 0 
0 1 2 0 3 4 5 0 6 9 8 7 0 11 10 12 14 13 0 

120,90 
120,83 

T2 
S2 

0 2 4 0 6 8 10 12 0 14 1 3 0 5 7 9 11 13 0 
0 2 4 0 6 12 10 8 0 14 3 1 0 7 11 9 5 13 0 

132,28 
122,74 

T3 
S3 

0 3 6 9 12 0 2 5 0 8 11 14 1 0 4 7 10 13 0 
0 6 12 9 3 0 2 5 0 8 1 11 14 0 7 4 10 13 0 

157,24 
128,27 

T4 
S4 

0 4 8 12 3 0 7 11 0 2 6 0 10 14 1 5 0 9 13 0 
0 12 8 4 3 0 7 11 0 2 6 0 1 10 5 14 0 9 13 0 

163,54 
135,15 

T5 
S5 

0 5 10 4 9 0 14 3 8 13 0 2 7 0 12 1 6 11 0 
0 5 10 9 4 0 8 3 14 13 0 2 7 0 1 11 12 6 0 

149,08 
119,50 

T6 
S6 

0 6 12 5 11 0 4 10 3 9 0 2 8 0 14 1 7 13 0 
0 6 5 12 11 0 3 4 9 10 0 2 8 0 14 13 1 7 0 

140,97 
113,74 

T7 
S7 

0 7 14 6 13 0 5 12 4 11 0 3 10 0 2 9 0 1 8 0 
0 7 6 13 14 0 5 12 11 4 0 3 10 0 2 9 0 1 8 0 

139,83 
130,47 

T8 
S8 

0 8 7 6 0 14 5 13 4 0 12 3 11 0 2 10 0 1 9 0 
0 7 8 6 0 14 13 5 4 0 12 11 3 0 2 10 0 1 9 0 

146,83 
136,29 

T9 
S9 

0 9 8 7 6 0 5 14 4 13 0 3 12 0 2 11 1 0 10 0 
0 7 8 9 6 0 14 13 5 4 0 3 12 0 2 11 1 0 10 0 

148,42 
137,16 

T10 
S10 

0 10 9 8 7 0 6 5 4 0 14 3 13 0 2 12 1 0 11 0 
0 10 9 8 7 0 6 5 4 0 3 14 13 0 2 1 12 0 11 0 

148,65 
135,92 

 
Table 4. Trial solutions (Tk) and final solutions (Ck) produced 

by the diversification generation method  
 
 
Improvement Method 
 
The improvement method used in the initial phase may or may not be the same method 
used in the scatter search phase. This decision usually depends on the context and on 
the search strategy one might want to implement. For the purpose of this tutorial we 
use the same procedure in both phases, though in the scatter search phase the method 
is required to deal with some additional features. 
 
We consider an iterative improvement method based on local search. The method is 
designed to directly operate on the problem graph using a very straightforward 
neighborhood structure consisting of removing a vertex from its current position and 
inserting it between two other vertices. Specifically, denoting respectively by v  and v  
the predecessor and successor of a vertex v, the insertion of a vertex v between vertices 

 and v operates by inserting edges 
i

pv q )v,v ii( , , , and by removing edges )v,v( ip )v,v( qi

)v, iv( i , )vi,vi(  and )v,v pp( , where pq v=v . Hence, the solution cost change is given by 

)v, pv(c)v pi −,v(c)v,v(c)v,v(c)v,v(c)v iiipiip −−++v, ii(cip =∆ . Applying the procedure 
on each Si solution (in Table 4) we obtain the corresponding improved solutions 
reported in Table 5. (A graphic illustration of the method is shown in the scatter search 
phase where some additional features of the method are included.) 
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Solution Routes Cost 
S1 0 2 0 3 4 5 0 6 9 8 7 0 1 11 10 12 14 13 0 109,67 
S2 0 2 0 3 4 1 8 0 6 5 13 14 0 7 11 9 10 12 0 92,51 
S3 0 6 5 12 9 0 2 0 8 1 11 13 14 0 7 3 4 10 0 106,37 
S4 0 8 4 3 0 7 1 11 9 10 0 2 0 12 5 6 0 13 14 0 96,84 
S5 0 5 12 10 9 4 0 7 3 14 13 0 2 0 8 1 11 6 0 111,52 
S6 0 6 5 0 3 4 9 10 12 0 2 8 0 14 13 11 1 7 0 106,30 
S7 0 6 5 13 14 0 3 4 11 10 12 0 2 0 9 1 8 7 0 92,48 
S8 0 7 8 1 9 0 14 13 5 6 0 12 10 11 4 3 0 2 0 92,48 
S9 0 7 8 0 14 13 5 6 0 3 4 9 10 12 0 2 11 1 0 102,11 
S10 0 10 9 11 8 7 0 6 5 0 4 3 14 13 0 2 1 12 0 107,74 

 
Table 5. Improved Solutions 

 
 
Reference Set  Update Method 
 
This method is used to create and maintain a set of reference solutions. As in any 
evolutionary (population-based) method, a set of solutions (population of individuals) 
containing high evaluation combinations of attributes replaces less promising solutions 
at each iteration (generation) of the method in order to enhance the quality of the 
population. In genetic algorithms, for example, the updating process relies on 
randomized selection rules which select individuals according to their relative fitness 
value. In scatter search the updating process relies on the use of memory and is 
confined to maintain a good balance between intensification and  diversification of the 
solution process. In advanced forms of scatter search reference solutions are selected 
based on the use of memory which operates by reference to different dimensions as 
defined in tabu search. Depending on the context and the search strategy, different 
types of memory can be used. The way  they are integrated to achieve both 
intensification and diversification is generically called adaptive memory programming. 
(See Glover and Laguna 1997 for a detailed explanation of various forms and uses of 
memory within search processes.)  For the purpose of this tutorial we use a simple rule 
to update the set of reference solutions, where intensification is achieved by the 
selection of high-quality solutions (in terms of the objective function value) and 
diversification is basically induced by including diverse solutions from the current 
candidate set CS. Thus the reference set RS can be defined by two distinct subsets B 
and D, representing respectively the subsets of high-quality and diverse solutions, 
hence . Also, in the context of our example the terms “highest evaluated 
solution” and “best solution” are interchangeable and refer to the solution that best fits 
the evaluation criterion under consideration. 

DBRS ∪=

 
Consider the candidate set CS  defined by the improved solutions, and a 
reference set of size 

{ 101 S,,S K= }
6RS = where 3DB == 1. Before proceeding to the creation of the 

reference set we first need to eliminate possible repeated solutions in the current set of 

                                                 
1 The cardinality of B and D does not need to be identical and can vary during the search. For 
instance, relatively higher values of B (D) can be appropriate during a phase that is more strongly 
characterized by an intensification (diversification) emphasis. Also different schemes can be 
chosen to implement these variations. A dynamic variation of these values can be implemented by 
a perturbation scheme conducted strategically rather than randomly. For example, a strategic 
oscillation can be implemented by using critical event memory as an indicator of the order of 
magnitude of the relative variations. Note that since the cardinality of subsets B and D are 
complementary in relation to the RS size and the decision can be uniquely based on the variation 
of either one. 
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trial solutions of Table 5. We can see that S7 and S8 represent the same solution, so we 
drop S8 from the solution candidate set, making CS . Now, to create RS we 
start by selecting the three best solutions S

{ 8S\CS= }
7, S2 and S4  in CS to generate B, then the 

set D of diverse solutions is generated  by successively selecting the solution which 
mostly differs from the ones currently belonging to RS.  As a diversity measure we 
define )SS(\)SS(d jijiij ∩∪=

ij

CSj ∈

 as the distance between solutions Si and Sj, which gives 

the number of edges by which the two solutions differ from each other. For example, 
solution S3 contains 6 edges (1,8), (3,7), (4,10), (9,0), (9,12), (11,13),  which are not in  
solution S4, and solution S4 has 7 edges (1,7), (3,0), (4,8), (9,10), (9,11), (12,0), (13,0), 
which are not in the solution S3. Hence the distance between the two solutions is 13. 
Table 6 shows d values for each pair of solutions S and S .  RSi ∈ j

B=

CS∈

{ }jS

{ }jS\CS= j

=

 
Candidate solutions are included in RS according to the Maxmin criterion  which 
maximizes the minimum distance of each candidate solution to all the solutions 
currently in the reference set. The method starts with RS  and at each step RS is 
extended with a solution S , to be RSRS ∪= , and consequently CS is reduced 

to CS . Then the distance of solution S to every solution currently in the 
reference set is computed to make possible the selection of a new candidate solution 
according to the Maxmin criterion. More forma ly, the selection of a candidate solution 
is given by 

l
{ }CS,,1 Kjdminmaxarg ijRS,,1i K

=
=

:S . The process is repeated until j RS  is 

achieved. In the table, boldfaced figures represent  the maxmin values obtained at each 
step of the method. 
 

Candidate solutions  (CS)  
Reference set (RS)  S1 S3 S5 S6 S9 S10 

S7 16 16 22 16 12 20 
S2 20 16 18 12 10 18 
S4 19 13 17 11 13 15 

Minimum distance 16 13 17 11 10 15 
S5 18 16  16 18 18 

Minimum distance 16 13  11 10 15 
S1  22  18 16 18 

Minimum distance  13  11 10 15 
 

Table 6. Distances between solutions 
 
 
This results in an initial reference set formed by solutions S7, S2, S4, S5, S1, S10. For 
convenience, we reorder the solution indexes by setting { }1 2 3 4 5 6, , , , ,RS S S S S S S=  as 
illustrated in Table 7.  
 

Solution Routes Cost 
S1 0 6 5 13 14 0 3 4 11 10 12 0 2 0 9 1 8 7 0 92,48 
S2 0 2 0 3 4 1 8 0 6 5 13 14 0 7 11 9 10 12 0 92,51 
S3 0 8 4 3 0 7 1 11 9 10 0 2 0 12 5 6 0 13 14 0 96,84 
S4 0 5 12 10 9 4 0 7 3 14 13 0 2 0 8 1 11 6 0 111,52 
S5 0 2 0 3 4 5 0 6 9 8 7 0 1 11 10 12 14 13 0 109,67 
S6 0 10 9 11 8 7 0 6 5 0 4 3 14 13 0 2 1 12 0 107,74 

 
Table 7. Initial reference set. 
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It is important to note that a balance between intensification and diversification is  
achieved by an evaluation criterion that causes the highest-evaluated solutions 
considered for the reference to include qualities other than a “good” (small) objective 
function value. Solution S9 with a cost of 102.11 is by-passed in favor of other solutions 
that will add more diversity to the set. As indicated in Table 6, the distance between S9 

to solutions in the reference set are relatively lower, making this solution unattractive 
from the standpoint of diversification.  
 
Scatter Search Phase 
 
Subset Generation Method 
 
This method consists of generating subsets of reference solutions  to create structured 
combinations in the next step. The method is typically designed to organize subsets of 
solutions to cover different promising regions of the solution space. In a spatial 
representation, the convex-hull of each subset delimits the solution space in subregions 
containing all possible convex combinations of solutions in the subset. In order to 
achieve a suitable intensification and diversification of the solution space, three types of 
subsets are required to be organized:  
 

1) subsets containing only solutions in B,  
2) subsets with only solutions in D, and  
3) subsets mixing in solutions in B and D in different proportions.  
 

Subsets defined by solutions of type 1  are conceived to intensify the search in regions 
of high-quality solutions while subsets of type 2 are created to diversify the search to 
unexplored regions. Finally, subsets of type 3 integrate both high-quality and diverse 
solutions with the aim of exploiting solutions across these two types of subregions.  
 
Again, adaptive memory can be used to appropriately define combined rules for 
clustering elements in the various types of subsets. This has the advantage of 
incorporating additional information about the search space and problem context. 
 
Since the use of sophisticated memory features is beyond the scope of this study, we 
consider a simpler  yet systematic procedure to generate the following types of subsets: 
 

1) All 2-element subsets. 
2) 3-element subsets derived from two element subsets by augmenting each 2-

element subset to include the best solution (as measured by the objective 
function value) not in this subset. 

3) 4-element subsets derived from the 3-elelement subsets by augmenting each 3-
element subset to include the best solution (as measured by the objective 
function value) not in this subset. 

4) The subsets consisting of the best b elements (as measured by the objective 
function value), for B,,5 K=b . 

 
 
Table 8 shows the subset generated using the current reference set. 
 
 
 
Type Subsets 

1 (S1, S2), (S1, S3), (S1, S4), (S1, S5), (S1, S6), (S2, S3), (S2, S4), (S2, S5), (S2, S6), (S3, S4), (S3, S5), (S3, 
S6), (S4, S5), (S4, S6), (S5, S6) 

2 (S1, S2, S3), (S1, S2, S4), (S1, S2, S5), (S1, S2, S6), (S1, S3, S4), (S1, S3, S5), (S1, S3, S6), (S1, S4, S5), 

 13



(S1, S4, S6), (S1, S5, S6) 
3 (S1, S2, S3, S4), (S1, S2, S3, S5), (S1, S2, S3, S6), (S1, S2, S4, S5), (S1, S2, S4, S6), (S1, S2, S5, S6); 
4 (S1, S2, S3, S5, S6), (S1, S2, S3, S4, S5, S6) 

 
Table 8. Subset generation 

 
Subsets of type 1 are the fifteen  possible combinations of two solutions. For type 2 
subsets, we start by adding solution  S3 to the subset (S1, S2). Then  since adding 
solution S2 to the subset (S2, S3) leads to a repeated subset, the procedure jumps to the 
next subset, adding S2 to the subset (S1, S4), and so forth. Type 3 subsets are created in 
a similar way, now starting by adding solution S4 to the subset (S1, S2, S3). Finally, 
subsets of type 3 consist of successively adding solutions S5 and S4  to subsets 
(S1,S2,S3,S6) and (S1,S2,S3,S6,S5). 
 
 
Solution Combination Method 
 
This method is designed to explore subregions within the convex-hull of the reference 
set. We consider solutions encoded as vectors of variables representing edges 

. New solutions are generated by weighted linear combinations  which are 
structured by the subsets defined in the last step. In order to restrict the number of 
solutions only one solution is generated in each subset by a convex linear combination 
defined as follows. Let E be a subset defined in RS, 

ijx

)v,v( ji

rE = , and let H(E) denote the 
convex-hull of E.  We generate solutions S  represented as )E(H∈
 

r,,1j0

1

SS

t

r

1t
t

r

1t
tt

K=≥

=

=

∑

∑

=

=

λ

λ

λ

 

 
where the multiplier tλ  represents the weight assigned to solution St. We compute these 
multipliers by 
 

∑
=

= r

1t t

t
t

)S(C
1

)S(C
1

λ  

 
so that the better (lower cost) solutions receive higher weight than less attractive (higher 
cost) solutions.  Then, we calculate the score of each variable relative to the solutions 

in E by computing 
ijx

 

∑
=

=
r

1t

t
ijtij )x()x(score λ  

where means that is an edge in the solution S . Finally as variables are required 

to be binary, the value is obtained by rounding its score to give 

t
ijx ijx t

 5.)x(scorex ijij += . The 
computation of the value for each variable in E results in the linear combination of the 
solutions in E. Table 9 shows the computation of the linear combination of solutions S1, 
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S2, S3, and S4 in the initial reference set illustrated in Table 8. For the sake of simplicity 
only edges that appear in at least one solution are represented in the table, since the 
remaining variables correspond to . 0xij =

 
Solution S1 S2 S3 S4   

λt 0,2643 0,2642 0,2524 0,2191   
Edges     )x(score ij  ijx  

(1,4)  0,2642   0,2642 0 
(1,7)   0,2524  0,2524 0 
(1,8) 0,2643 0,2642  0,2191 0,7476 1 
(1,9) 0,2643    0,2643 0 
(1,11)   0,2524 0,2191 0,4715 0 
(2,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1 
(3,0) 0,2643 0,2642 0,2524  0,7809 1 
(3,4) 0,2643 0,2642 0,2524  0,7809 1 
(3,7)    0,2191 0,2191 0 
(3,14)    0,2191 0,2191 0 
(4,0)    0,2191 0,2191 0 
(4,8)   0,2524  0,2524 0 
(4,9)    0,2191 0,2191 0 
(4,11) 0,2643    0,2643 0 
(5,0)    0,2191 0,2191 0 
(5,6) 0,2643 0,2642 0,2524  0,7809 1 
(5,12)   0,2524 0,2191 0,4715 0 
(5,13) 0,2643 0,2642   0,5285 1 
(6,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1 
(6,11)    0,2191 0,2191 0 
(7,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1 
(7,8) 0,2643    0,2643 0 
(7,11)  0,2642   0,2642 0 
(8,0)  0,2642 0,2524 0,2191 0,7357 1 
(9,0) 0,2643    0,2643 0 
(9,10)  0,2642 0,2524 0,2191 0,7357 1 
(9,11)  0,2642 0,2524  0,5166 1 
(10,0)   0,2524  0,2524 0 
(10,11) 0,2643    0,2643 0 
(10,12) 0,2643 0,2642 0,2524 0,2191 1,0000 1 
(12,0) 0,2643 0,2642   0,5285 1 
(13,0)   0,2524 0,2191 0,4715 0 
(13,14) 0,2643 0,2642 0,2524 0,2191 1,0000 1 
(14,0) 0,2643 0,2642   0,5285 1 

 
Table 9. Linear combinations of solution vectors 

 
It is important to observe the effect of this  weighting  on the resulting solutions. As 
previously intimated, the least cost solution S1 has the largest weight in the 
combination. Also, note that both edges (5,12) and (5,13) appear  in two solutions, 
though only the variable  is considered for the resulting solution. 135x
 
A new solution can now be created using the edges associated with variables . 
Nevertheless, the set of these edges does not necessarily (and usually doesn’t) represent 
a feasible graph structure for a VRP solution. Instead, it produces a subgraph 

1xij =

 15



containing vertices with a degree different than two. Such subgraphs can be viewed as 
fragments of solutions (or partial routes). For example, the previous linear combination 
produced the following solution fragments: (1,8,0), (2,0), (0,3,4) (0,6,5,13,14,0), 
(0,11,9,10,12,0), and (7,0). To create a feasible solution subgraph we can simply link 
vertices  1, 2, 4, and 7 (which have a degree equal to 1) directly to the depot. This has 
the advantage that the algorithm always deals with feasible structures. However, it is 
also possible that the subgraph resulting from a linear combination contains vertices of  
degree greater than two. In these cases, a very straightforward technique consists of 
successively dropping edges with the smallest scores, from among those incident at 
these vertices, until the degree of each vertex becomes equal to two. By doing so, the 
subgraph obtained will be either feasible or fall into the case where some of the vertices 
have degree 1, which can be handled as already indicated. 
 
 
Improvement Method 
 
Even though the solution combination method creates feasible subgraphs for the VRP, 
the solution may still not be feasible in relation to the other problem constraints. 
Therefore, the improvement method must be able to deal with infeasible solutions. As 
already noted, the solution combination method has generated 33 new solutions (one 
per each subset). Let C1, …,C33 denote these solutions indexed by the order they appear 
in Table 8. In the whole set, combinations C26, …, C31 and C33 repeat previously 
generated solutions, so we first drop these solutions before applying the improvement 
method. The relatively high rate of repeated solutions results from the fact that the 
example deals with a very small instance. However, some number of repeated solutions 
may still be expected to appear when solving more realistic problems. Thus, it is 
valuable to have a fast procedure to identify repeated solutions which can be achieved  
in this context by using  an appropriate hash function.  
 
Table 10 shows an example of the improvement method applied to solution C12 where 
the local optimum C  is found after 3 iterations. This is the same improvement method 
used in the initial phase of the scatter search algorithm, though the illustration shows 
how the method deals with infeasible solutions.  

*
12

 
The method works in two stages. The first stage is concerned with making the solution 
feasible while choosing the most favorable move (relative to the objective function cost), 
and the second stage is the improvement process that operates only on feasible 
solutions. In general, several variants can be used to deal with infeasible solutions. 
These techniques are usually based on varying certain penalty factors associated with 
the problem constraints. Some constraints are potentially “less damaging” when  
violated than others, and usually the choice of penalty values should take this into 
consideration. Also, the way these penalties are modified can make the search more or 
less aggressive for moving into the feasible region. High penalty values are usually 
employed for an intensification strategy, and lower values for a diversification  approach 
that allows the search keep going longer in the infeasible region. An interplay between 
intensification and diversification can be carried out by changing penalties according to 
certain patterns. For example, such patterns can be based on critical event memory 
within a strategic oscillation approach as suggested in tabu search. As previously 
noted, different balances  between intensification and diversification of the search can 
also be controlled in the construction of the reference set, and in the solution 
combination method (as by considering non-convex linear combinations to extrapolate 
to solutions outside the convex hull of a subset). Our illustrative method, however, 
doesn’t use a penalty factor but rather identifies the most violated route and makes the 
best (cost reducing) move that consists of removing a vertex from this route and feasibly 

 16



inserting it in another route. It is possible that an additional route will be created if 
such a move is not possible or if all routes are over their capacity. 
 
 
 

Solution 
Iteration 

 
k 

 
Rk 

 
Qk 

 
C(Rk) 

 
C(C12) 

Initial 
Solution 

12C  

1 
2 
3 
4 
5 

0 7 1 11 9 10 0 
0 2 0 
0 13 14 3 4 8 0 
0 5 6 0 
0 12 0 

28 
20 
35 
19 
 3 

19,58 
21,63 
37,00 
 9,36 
17,02 

 
 
 
 

104,60† 
Iteration 1  Drop vertex 14 from R3 and insert it into R2    

 1 
2 
3 
4 
5 

0 7 1 11 9 10 0 
0 2 14 0 
0 13 3 4 8 0 
0 5 6 0 
0 12 0 

28 
27 
28 
19 
 3 

19,58 
32,32 
29,94 
 9,36 
17,02 

 
 
 
 

108,23 
Iteration 2  Drop vertex 12 from R5 and insert it into R4    

 1 
2 
3 
4 

0 7 1 11 9 10 0 
0 2 14 0 
0 13 3 4 8 0 
0 12 5 6 0 

28 
27 
28 
22 

19,58 
32,32 
29,94 
18,37 

 
 
 

100,21 
Iteration 3  Drop vertex 13 from R3 and insert it into R4:    

Final 
Solution 

*
12C  

1 
2 
3 
4 

0 7 1 11 9 10 0 
0 2 14 0 
0 3 4 8 0 
0 12 5 6 13 0 

28 
27 
24 
26 

19,58 
32,32 
20,72 
22,79 

 
 
 

95,41 
† infeasible solution, Q3 = 35  Q = 30 ≥

 
Table 10. Improving Method 

 
 
A graphic representation of the procedure is illustrated in Figure 3. 
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Figure 3. Graphical illustration of the improvement method 
 
 
In our example, we apply the improving method to all the remaining (non-repeated) 
solutions to obtain a set of improved solutions. The best solution results from the 
improvement of C16 associated with a combination involving subset (S1,S2,S3) . C16 is the 
solution (0,1,8,0,2,0,3,4,0,6,5,13,14,0,7,0,12,10,9,11,0) with cost C , which 
is transformed by the improvement method into the solution S  with cost C . 
We have also solved the problem using  an exact method (which requires substantially 
greater computation time, even for this simple example, an verify that S  is in fact the 
optimal solution. This solution is illustrated in Figure 4.  

94.115)C( 16 =

)S( 16

16

16 01.91=
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C(R4)=20,92
Q4=30

C(R1)=28,02
Q1=30
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Figure 4. Final solution  
 
In the absence of external confirmation that an optimal solution has been found, the  
method could continue to iterate in the scatter search phase by updating the reference 
set in the same way as in the initial phase. In this succeeding phase, however, the 
current reference set and the solutions produced by the improving method are all 
considered together before determining the new B and D sets that will form the updated 
reference set for the next iteration. The method stops when no elements in the current 
reference are replaced (i.e. when the reference set has not changed in two successive 
iterations). 
 
 

5. Summary and conclusion 

 
We have developed a scatter search template for circuit-based graph problems and have 
shown its application to the classical vehicle routing problem under capacity 
restrictions.  
 
Our intention was not to provide a computational exploration of scatter search. Rather, 
the numerous recent studies demonstrating the computational and practical efficacy of 
the approach provided one of the key motivations for the present paper. Another 
primary motivation for this tutorial paper was the fact that, in spite of its growing 
applications, scatter search has not yet been described in a step by step manner in 
application to the routing context, accompanied by a detailed numerical illustration. For 
this reason, the access to applying the method to routing problems is undoubtedly 
somewhat less than it might otherwise be, and the amount of effort to launch a new 
scatter search study in this domain is also accordingly somewhat greater than would be 
necessary, due to the need to digest the elements of the method apart from an 
illustrated presentation of their nature and relevance. 
 
The illustrative example used to demonstrate the scatter search provides a new 
evolutionary approach and a general framework for designing scatter search algorithms 
for vehicle routing. Moreover, because the problem constraints are handled separately 
from the solution generation procedures, and are therefore independent of the problem 
context, our scatter search design can be directly used to solve other classes of vehicle 
routing problems by applying any domain-specific (local search) heuristic that is able to 
start from infeasible solutions.  
 
 
Finally, our illustrative approach affords various possibilities for using adaptive memory 
programming as a basis for creating effective scatter search algorithms for solving 
practical instances. In particular, we show the relevance of using memory to 
dynamically modify weights in the solution and to introduce an appropriate balance 
between intensification and diversification of the search.  
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Appendix 

Table 1 shows the data of the problem used along this tutorial. The depot is represented 
by index 0,  therefore q is set to be zero. 0

 
iv  ix  iy  iq  

0 11,5 14,4 0 
1 5,8 9,0 6 
2 5,5 23,4 20 
3 3,5 12,7 9 
4 2,3 11,3 8 
5 14,9 11,4 9 
6 14,3 13,0 10 
7 7,6 11,1 8 
8 6,5 10,4 7 
9 6,8 8,5 5 
10 8,6 8,7 5 
11 5,5 7,3 4 
12 14,4 6,4 3 
13 16,0 15,4 4 
14 18,2 18,7 7 

 
Table 1. Problem data for the VRP instance 
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Figure 1. Spatial distribution of the problem vertices 
 
 

 22


	Introduction
	Scatter Search Overview
	The Vehicle Routing Problem
	
	Problem definition
	Vehicle Flow Formulation
	A Permutation-Based Formulation


	Scatter Search Template
	
	
	S4



	Summary and conclusion
	References
	Appendix

