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Abstract — Scatter search is an evolutionary method that has proved highly effective
in solving several classes of non-linear and combinatorial optimization problems.
Proposed early 1970s as a primal counterpart to the dual surrogate constraint
relaxation methods, scatter search has recently found a variety of applications in a
metaheuristic context. Because both surrogate constraint methods and scatter search
incorporate strategic principles that are shared with certain components of tabu search
methods, scatter search provides a natural evolutionary framework for adaptive
memory programming. The aim of this paper is to illustrate how scatter search can be
effectively used for the solution of general permutation problems that involve the
determination of optimal cycles (or circuits) in graph theory and combinatorial
optimization. In evidence of the value of this method in solving constrained optimization
problems, we identify a general design for solving vehicle routing problems that sets our
approach apart from other evolutionary algorithms that have been proposed for various
classes of this problem.
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1. Introduction

Scatter search is an evolutionary method proposed by Glover (1977) as a primal
counterpart to the dual approaches called surrogate constraint methods, which were
introduced as mathematical relaxation techniques for discrete optimization problems
(Glover 1965). As opposed to eliminating constraints by plugging them into the objective
function as in Lagrangean relaxations, for example, surrogate relaxations have the goal
of generating new constraints that may stand in for the original constraints. The
method is based on the principle of capturing relevant information contained in
individual constraints and integrating it into new surrogate constraints as a way to
generate composite decision rules and new trial solutions. Scatter search combines
vectors of solutions in place of the surrogate constraint approach of combining vectors
of constraints, and likewise is organized to capture information not contained
separately in the original vectors. Also, in common with surrogate constraint methods it
is organized to take advantage of auxiliary heuristic solution methods to evaluate the
combinations produced and generate new vectors. As any evolutionary procedure, the
method maintains a population of solutions that evolves in successive generations.

A number of algorithms based on the scatter search approach have recently been
proposed for various combinatorial problems (see Kelly, Rangaswamy and Xu 1996,
Fleurent et al. 1996, Cung et al. 1999, Laguna, Marti and Campos 1999, Campos et al.
1999, Glover, Logkketangen and Woodruff 1999, Atan and Secomandi 1999, Laguna,
Lourenco and Marti 2000, Xu, Chiu and Glover 2000).

In this study we provide a general scatter search design for problems dealing with the
optimization of cycles (or circuits) on graphs. The traveling salesman problem (TSP)
which consists of finding the shortest Hamiltonian cycle (or circuit in the asymmetric
case) is a typical example of this class of problems. It is well-known that the TSP is NP-
Complete so that efficient heuristic methods are required to provide high quality
solutions for large problem instances (see Johnson and McGeoch 1997, Rego 1998). A
direct extension of the TSP is the vehicle routing problem (VRP) where side constraints
force the creation of multiple Hamiltonian cycles (routes) starting and ending at a
central node (representing a hub or depot). Both TSP and VRP problems provide a
general model for a wide range of practical applications and are central in the fields of
transportation, distribution and logistics (see Reinelt 1994, Laporte and Osman 1995).
Empirical studies have shown that the VRP is significantly harder to solve than TSPs of
similar sizes (see Gendreau, Hertz and Laporte 1994, Rochat and Taillard 1995, and
Rego 1998, 2000, for some of the current best heuristic algorithms for the VRP).
Because of its theoretical and practical relevance we use the vehicle routing problem to
illustrate the various procedures involved in the scatter search template.

Also, while other tutorials on scatter search exist (see, e.g. the articles by Laguna (2001)
and Glover, Laguna and Marti (2001)), there have been no exposition of the approach
that disclose its operation within the setting of routing.

The remainder of this paper is organized as follows. An overview of the scatter search
method is presented in section 2. Section 3 defines the vehicle routing problem and
presents formulations that are relevant for the context of the paper. Section 4 illustrates
the design of the scatter search procedure for an instance of the problem. Section 5
summarizes and discusses possible generalizations of the proposed template.



2. Scatter Search Overview

Scatter search operates on a set of reference solutions to generate new solutions by
weighted linear combinations of structured subsets of solutions. The reference set is
required to be made up of high-quality and diverse solutions and the goal is to produce
weighted centers of selected subregions that project these centers into regions of the
solution space to be explored by auxiliary heuristic procedures. Depending on whether
convex or nonconvex combinations are used, the projected regions can be respectively
internal or external to the selected subregions. For problems where vector components
are required to be integer a rounding process is used to yield integer values for such
components. Rounding can be achieved either by a generalized rounding method or
iteratively, using updating to account for conditional dependencies that can modify the
rounding options. Regardless the type of combinations employed, the projected regions
are not required to be feasible so that the auxiliary heuristic procedures are usually
designed to incorporate a double function of mapping an infeasible point to a feasible
trial solution and then to transform this solution into one or more trial solutions.
(Although, the auxiliary heuristic commonly includes the function of restoring
feasibility, this is not an absolute requirement since scatter search can be allowed to
operate in the infeasible solution space.) From the implementation standpoint the
scatter search method can be structured to consist of the following subroutines:

Diversification Generation Method - Used to generate diverse trial solutions from one or
more arbitrary seed solutions used to initiate the method.

Improvement Method - Transform a trial solution into one or more enhanced trial
solutions. (If no improvement occurs for a given trial solution, the enhanced solution is
considered to be the same as the one submitted for improvement.)

Reference Set Update Method - Creates and maintains a set of reference solutions
consisting of the best according to the criteria under consideration. The goal is to
ensure diversity while keeping high-quality solutions as measured by the objective
function.

Subset Generation Method - Generates subsets of the reference set as a basis for
creating combined solutions.

Solution Combination Method - Uses weighted structured combinations to transform
each subset of solutions produced by the subset generation method into one or more
combined solutions.

A general template for a scatter search algorithm can be organized in two phases
outlined as follows.

Initial Phase

1. Diversification Generation Method

2. Improvement Method

3. Reference Set Update Method

4. Repeat this initial phase until producing a desirable level of high-quality and diverse
solutions.

Scatter Search Phase

Subset Generation Method

Solution Combination Method

Improvement Method

Reference Set Update Method

PNoO



9. Repeat this scatter search phase while the reference set converges or until a
specified cutoff limit on the total number of iterations.

3. The Vehicle Routing Problem

The vehicle routing problem is a classic in Combinatorial Optimization. To establish
some basic notation, and to set the stage for subsequent illustrations, we provide a
formal definition of the vehicle routing problem in this section. We also present two
mathematical formulations which are relevant for the scatter search design introduced
in the next section.

3.1. Problem definition

In graph theory terms the classical VRP can be defined as follows. Let G =(V,A) be a
graph where V ={v0,v1,...,vn} is a vertex set, and A :{(vi,vj)|vi,vj DV,i#j} is an arc
set. Vertex v, denotes a depot, where a fleet of m identical vehicles of capacity Q are
based, and the remaining vertices V'=V \{vo} represent n cities (or client locations). A
nonnegative cost or distance matrix C=(c;) which satisfies the triangle inequality

(cj < cy +cy ) is defined on A. When ¢; =c; for all (v;,v;)0A the problem is said to be

i ]
symmetric and it is then common to replace A with the edge set E:{(vi,vj )|
Vi,V av,i ¢j}. It is assumed that mD[n_l,ﬁ] with m=1 and m =n-1. The value of m

can be a decision variable or can be fixed depending on the application.

Vehicles make collections or deliveries but not both. With each vertex v;is associated a
quantity g; (g, =0)of some goods to be delivered by a vehicle. The VRP consists of

determining a set of m vehicle routes of minimal total cost, starting and ending at a
depot v, such that every vertex in v; 0 V' is visited exactly once by one vehicle and the

total quantity assigned to each route does not exceed the capacity Q of the vehicle
which services the route.

We define a solution for the VRP as a set of m routes, S={Rl,...,Rm},
Ry =(vg,Vk, U, »---Vg) Where Ry is an ordered set representing consecutive vertices in

the route k. Consequently, we denote v, OR, if v; is component of R, and similarly
(vi,vj) ORyif v;, v, are two consecutive vertices in R, . Finally, the cost of a solution S

is defined as C(S)=3) _ _ Z(.J,)DR c -
<ksm i a



3.2. Vehicle Flow Formulation

n_n m
: k
min E E cij E xij

i=0 j=0 k=l

S.t.

zqz‘y,‘k <¢, k=1,...m 1))
=

L S, . J=0,.n

i=0 x’/ _l=0 xji yl ’ k:L ,m (3)
1<|U|sn-1

> <lul-1 i=0,..,n (4

bR k=1,...m
,j=1...,

yf,x,.’;D{O,]} lkj: m” (5)

In this formulation (Fisher and Jaikumar 1981), variables xf} indicates whether or not

(v;,v;) is an edge of route k in the optimal solution, and similarly y¥ specifies whether

route k contains vertex v;. Constraints (1) guarantee that vehicle capacity is not

exceeded; constraints (2) ensure that each city is visited by exactly one vehicle and m
vehicles visit the depot; constraints (3) ensure that every city is entered and left by the
same vehicle; subtour elimination are specified by constraints (4); and equations (5) are
the integrality constraints.

This formulation contains two well-known problems: the generalized assignment
problem (GAP) specified by constraints (1), (2) and (5); and the traveling salesman
problem (TSP). The TSP results when the y’’s are fixed to satisfy the GAP constraints
for a given k, whereupon constraints (3) and (5) define a TSP for vehicle k. Specifically,
the GAP is the subproblem responsible for assigning clients to vehicle routes, and the

sequence in which clients are visited by a vehicle is determined by the TSP solution over
each individual route.

Laporte, Nobert, and Desrochers (1985) show that a two-index formulation can be

derived from a three-index formulation by aggregating all xg variable into a single



variable x; which does not refer specifically to a particular route, but simply indicates
whether or not an arc (v;,v;)is in the optimal solution. For the symmetrical case the
value of the x; variable indicates the number of times (0,1, or 2) that the corresponding

edge is used in the optimal solution. We will see later that this vehicle-flow formulation
and the index-reduction concept proves useful in several parts of our scatter search
model.

3.3. A Permutation-Based Formulation

In combinatorial optimization it is usually useful to distinguish two classes of problems
according to whether the objective is to find (1) an optimal combination of discrete
objects, or (2) an optimal permutation of objects. In the first case, a solution is a non-
ordered set while in the second a solution is a ordered set (or a sequence). For instance,
the 0-1 knapsack problem and the set covering problem are typical examples of
combination problems where a solution can be interpreted to consist simply of a set of
elements. Permutation problems on the other hand, are exemplified by job scheduling,
traveling salesman, and vehicle routing problems where different arrangements of the
same set represent different solutions (allowing for a sequence to be considered
equivalent to its reverse ordering in the case of symmetric problems). The differentiation
of these two types of combinatorial problems is particularly relevant because the
specialized methods that apply to these problems, especially those methods based on
graph theoretic representations, differ dramatically in the two cases. We will address to
these features later on when describing the proposed scatter search template.

The VRP, which is the primary focus of this tutorial, seeks to determine an optimal
permutation according to the following formulation:

m 1y
mind, 2y,
k=1 i=0

S.t.

2.4y S0 k=l..m (1)
i=1
anSn (2)

,...,lﬂn,...,lﬂfm}of vertices

{v 1,...,vn} . Vertex v, is implicitly represented by inserting it at the beginning and end of
each subsequence k of the permutation (and may be expressed by “dummy

Here, a solution is defined by the permutation {7T11,...,7T1

n;

elements”ﬂg and ﬂfkﬂ ). The permutation is partitioned into subsequences by indexes

n, and may be interpreted to consist of m separate routes, where the sequence of

nodes on a given route identifies the order in which clients (vertices) are visited by a
vehicle assigned to that route.



4. Scatter Search Template

Consider the following VRP instance with n=14, Q =30, q=(q;)(i=0,...,14) =(0,6,20,
8,9,10,8,7,5,5,4,3,4,7), mO[1,14], and a cost matrix C = (c;)(i,j =1,...,14,i < j) defined

as follows:

[0 785 10.82 8.18 9.71 453 313 511 640 754 640 930 851 461 7.96]
0 1440 436 4.19 941 939 277 157 112 282 173 898 12.04 1574
0 10.89 12.52 1524 13.62 12.48 13.04 14.96 15.02 16.10 19.19 13.20 13.54
1.84 11.47 10.80 4.40 378 534 648 576 12.59 12.79 15.88
0 12.60 12.12 530 430 530 682 512 13.05 14.30 17.54
0 1.71 731 846 860 685 10.26 502 4.15 801
0 6.96 822 875 714 1048 6.60 294 6.91
C= 0 1.30 272 260 434 827 944 13.04
0 1.92 270 326 885 10.74 14.35
0 1.81 1.77 788 11.50 15.30
0 3.40 6.24 9.98 13.86
0 895 13.26 17.07
0 9.14 12.87
0 3.97
0

A viewgraph of the clients’ spatial distribution and the corresponding vertex coordinates
that gave rise to the matrix C is provided in the appendix. We will use this special
representation of the problem to illustrate different procedures used in the scatter
search design.

Now, we can proceed to the illustration of the scatter search design using the defined
VRP instance as an example of a permutation problem. We first describe in the context
of the VRP each of the methods considered in the general scatter search template. Then,
we present the various procedures integrated in the overall algorithm.

Initial Phase
Diversification Generation Method

Scatter search starts with an initial set of trial solutions which are required to be
different, thus the use of a systematic procedure to generate these solutions is
appropriate. Regarding the VRP as permutation problem we consider the generator of
combinatorial objects described in Glover (1997), which operates as follows. A trial
permutation P is used as a seed to generate subsequent permutations. Define the
subsequence P(h:s) where s is a positive integer between 1 and h, so that
P(h:s)=(s,s+h,s+2h,...,s+rh), where r is the largest nonnegative integer such that

s+rh <n. Finally, define the permutation P(h) for h<n, to be P(h)=(P(h:h),
P(h:h-1),..., P(h:1)).In the VRP context we consider permutations in n-vectors where
components are all vertices v; O V\{vo} . Consider for illustration h =4, and a seed
permutation P :{1,2,3,4,5,6,7 ,8,9,10,11,12,13,1 4} given by the sequence of clients
ordered by their indices. The recursive application of P(4:s) for s=4,...,1 results the
subsequences, P = {4,8,12} , P= {3,7,11} , P ={2, 6,10,14} , and P= {1,5,9,13}, hence
P(4) = {4,8,12,3,7,1 1,2,6,10,1 4,1,5,9,13} . For illustration purposes we consider the set of
initial vertices assignments An to vehicle routes derived from permutations P(h)
(h=1,...,10) where each cluster of vertices in a route is obtained by successively

assigning a vertex v;(iJP(h)) to a route R, _(initially k=1I) until the cumulative quantity



Qk:zv or. @i does not exceed Q with the insertion of a new vertex v, . As soon as
i— e J

such a cutoff limit is attained a new assignment is created by incrementing k by one
unit, and the process goes on until all vertices have been assigned. Table 2 shows the
assignment A, derived from permutation P(4), where shadowed cells indicate the Q,

value associated with the insertion of vertex v; in a route R, .

P(4) i 4 8| 12| 3 7 | 11| 2 6 | 10| 14| 1 5 9|13
Rk qgi 8 71 3 9 8 4 | 20| 10| 5 7 6 9 5 4
R: 8 | 15| 18 | 27
R> 8 | 12
Rs 20
R4 5 | 12| 18 | 27
Rs 5 9

Table 2. Sequential assignment of clients to vehicle routes

In fact, the result obtained can be viewed as a generalized assignment process which
does not rely on the order in which clients are visited, though it ensures that all the
initial solutions that can be created are feasible and different (since they derive from
distinct permutations). Vehicle routes can thus be determined by using any traveling
salesman algorithm on the subgraph defined by the previous assignments.

For illustration, we consider the standard 2-exchange procedure (Lin 1965) to find a 2-
optimal TSP tour for each individual route. The 2-optimal procedure is a local search
improvement method, hence an initial feasible TSP solution for each route Ry is

required to start the method. A straightforward method to create this solution can be
obtained by successively linking vertices in the order they appear in the permutation
and attaching the initial and ending vertices to the depot. Then, the method proceeds
by replacing two edges (v;,7;) and (v;,0;)by two others (v;,v;)and (7;,U;) where
U denotes the successor of v in a given orientation of the route. Hence, in order to
maintain the feasible orientation of the route, the subpath (Uis...505) needs to be

reversed, so that the subpath (Vi 0;,..50,05) becomes (v;,v,...,0;,0;) . For

convenience, denote the c¢; values by c(v;,v;) so that the solution cost change

produced by a 2-exchange move can be expressed as
Ay =c(v;,v)) +¢(V;,0;) —c(v;,0;) —c(v;,U;). A 2-optimal (or 2-opt) solution is obtained by
iteratively applying 2-exchange moves until no possible move yield a negative A value.

As the purpose of the diversification generation method is to generate diverse solutions
rather than high quality solutions, it is convenient to make the method fast, therefore
we have adopted a first-improvement (as opposed to a best-improvement) strategy for the
TSP heuristic.

Table 3 shows the four iterations carried out to create the solution Ss. Specifically, the
first column shows the initial trial solution T4 created from the assignment A4 (defined
in Table 2) and the final solution Ss. Figures within parenthesis indicate the iteration
number. The second column shows vertices v, v; that define the move from one
iteration to another. (Note that a 2-exchange move is completely identified by vertices

v;,vjsince the two other vertices are necessarily their successors, respectively U; and



U;.) The remaining columns show the routes in each solution, the solution cost, and the

value associated with the move that has led to the solution shown in the next row.
Boldfaced numbers indicate the changes carried out by the corresponding move. The
result of these changes are illustrated in Figure 2, which depicts the initial trial
solution T4 and the final solution Sa.

Solution Move R; R> Rz R4 Rs Cost Aij
T4 Vo,V12 48123 711 26 101415 913 163.54 -11.94
T4 V10,V1 12843 711 26 101415 913 151.60 -12.45
T4 U1,Us 12843 711 26 101 145 913 139.15 -2.90
T4 Vo,V1 12843 711 26 101514 913 136.25 -1.10
Sa 12843 711 26 1105 14 913 135.15

Table 3. Application of 2-opt procedure to T+ trial solution

Figure 2. Solutions T4 (left-hand side) and S« (right-hand side)

The shape of the solutions in the figure clearly show that routes R; and R4 were
significantly improved. Repeating the process for the rest of the permutations we obtain
the ten solutions produced by the diversification generation method as illustrated in
Table 4.



Solution Routes Cost
T1 012034506789010111213140 120,90
S1 012034506987011101214130 120,83
T2 024068101201413057911130 132,28
S2 024061210801431071195130 122,74
T3 036912025081114104710130 157,24
S3 061293025081111407410130 128,27
T4 0481230711026010141509130 163,54
S4 0128430711026011051409130 135,15
TS5 051049014381302701216110 149,08
S5 051094083141302701111260 119,50
T6 061251104103902801417130 140,97
S6 065121103491002801413170 113,74
T7 0714613051241103100290180 139,83
S7 0761314051211403100290180 130,47
T8 0876014513401231102100190 146,83
S8 0786014135401211302100190 136,29
T9 0987605144130312021110100 148,42
S9 0789601413540312021110100 137,16
T10 0109870654014313021210110 148,65
S10 0109870654031413021120110 135,92

Table 4. Trial solutions (Tx) and final solutions (Cx) produced
by the diversification generation method

Improvement Method

The improvement method used in the initial phase may or may not be the same method
used in the scatter search phase. This decision usually depends on the context and on
the search strategy one might want to implement. For the purpose of this tutorial we
use the same procedure in both phases, though in the scatter search phase the method
is required to deal with some additional features.

We consider an iterative improvement method based on local search. The method is
designed to directly operate on the problem graph using a very straightforward
neighborhood structure consisting of removing a vertex from its current position and
inserting it between two other vertices. Specifically, denoting respectively by v and U

the predecessor and successor of a vertex v, the insertion of a vertex v; between vertices
v, and v, operates by inserting edges (v;,0;), (v,,v;), (v;,V4), and by removing edges
(vi,v;), (vi,0;) and (v,,U,), where v, =U,. Hence, the solution cost change is given by
Ay, =c(v;,0;) +e(vy,,v;) +e(v,U,) —c(v;,v;) —¢(v;,0;) —¢(v,,U,) . Applying the procedure

on each Si solution (in Table 4) we obtain the corresponding improved solutions
reported in Table 5. (A graphic illustration of the method is shown in the scatter search
phase where some additional features of the method are included.)

10



Solution Routes Cost
S1 020345069870111101214130 109,67
S2 020341806513140711910120 92,51
S3 065129020811113140734100 106,37
S4 0843071119100201256013140 96,84
S5 051210940731413020811160 111,52
S6 065034910120280141311170 106,30
S7 065131403411101202091870 92,48
S8 078190141356012101143020 92,48
S9 078014135603491012021110 102,11
S10 010911870650431413021120 107,74

Table 5. Improved Solutions

Reference Set Update Method

This method is used to create and maintain a set of reference solutions. As in any
evolutionary (population-based) method, a set of solutions (population of individuals)
containing high evaluation combinations of attributes replaces less promising solutions
at each iteration (generation) of the method in order to enhance the quality of the
population. In genetic algorithms, for example, the updating process relies on
randomized selection rules which select individuals according to their relative fitness
value. In scatter search the updating process relies on the use of memory and is
confined to maintain a good balance between intensification and diversification of the
solution process. In advanced forms of scatter search reference solutions are selected
based on the use of memory which operates by reference to different dimensions as
defined in tabu search. Depending on the context and the search strategy, different
types of memory can be used. The way they are integrated to achieve both
intensification and diversification is generically called adaptive memory programming.
(See Glover and Laguna 1997 for a detailed explanation of various forms and uses of
memory within search processes.) For the purpose of this tutorial we use a simple rule
to update the set of reference solutions, where intensification is achieved by the
selection of high-quality solutions (in terms of the objective function value) and
diversification is basically induced by including diverse solutions from the current
candidate set CS. Thus the reference set RS can be defined by two distinct subsets B
and D, representing respectively the subsets of high-quality and diverse solutions,
hence RS=B0OD. Also, in the context of our example the terms “highest evaluated
solution” and “best solution” are interchangeable and refer to the solution that best fits
the evaluation criterion under consideration.

Consider the candidate set CS :{Sl,...,SJO} defined by the improved solutions, and a
reference set of size |RS| =6 where |B| = |D| = 3'. Before proceeding to the creation of the
reference set we first need to eliminate possible repeated solutions in the current set of

' The cardinality of B and D does not need to be identical and can vary during the search. For
instance, relatively higher values of B (D) can be appropriate during a phase that is more strongly
characterized by an intensification (diversification) emphasis. Also different schemes can be
chosen to implement these variations. A dynamic variation of these values can be implemented by
a perturbation scheme conducted strategically rather than randomly. For example, a strategic
oscillation can be implemented by using critical event memory as an indicator of the order of
magnitude of the relative variations. Note that since the cardinality of subsets B and D are
complementary in relation to the RS size and the decision can be uniquely based on the variation
of either one.

11



trial solutions of Table 5. We can see that S7 and Ss represent the same solution, so we
drop Ss from the solution candidate set, making CS =CS \{SS}. Now, to create RS we
start by selecting the three best solutions S7, S2 and S+ in CS to generate B, then the

set D of diverse solutions is generated by successively selecting the solution which
mostly differs from the ones currently belonging to RS. As a diversity measure we

define d; = |( S;OS;)\(S;nS; )| as the distance between solutions S; and Sj, which gives

the number of edges by which the two solutions differ from each other. For example,
solution Sz contains 6 edges (1,8), (3,7), (4,10), (9,0), (9,12), (11,13), which are not in
solution S4, and solution St has 7 edges (1,7), (3,0), (4,8), (9,10), (9,11), (12,0), (13,0),
which are not in the solution Ss. Hence the distance between the two solutions is 13.
Table 6 shows d;;values for each pair of solutions S; RS and S; UCS.

Candidate solutions are included in RS according to the Maxmin criterion which
maximizes the minimum distance of each candidate solution to all the solutions
currently in the reference set. The method starts with RS = B and at each step RS is
extended with a solution S; UCS, to be RS=RS[ {S j}, and consequently CS is reduced

to CS :CS\{SJ-}. Then the distance of solution S;to every solution currently in the

reference set is computed to make possible the selection of a new candidate solution
according to the Maxmin criterion. More formally, the selection of a candidate solution

is given by S; :argmaxiZImi‘r}?S‘{dij :j=1..., CS|}. The process is repeated until |RS| is

achieved. In the table, boldfaced figures represent the maxmin values obtained at each
step of the method.

Candidate solutions (C
Reference set (RS) S S3 Ss Se So Sio
S7 16 | 16 | 22 16 12 20
S2 20 | 16 18 12 10 18
S4 19 | 13 17 11 13 15
16 | 13 17 11 15
Ss 18 | 16 16 18 18
16 | 13 11 15
S 22 18 16 18
13 11 15

Table 6. Distances between solutions

This results in an initial reference set formed by solutions S7, Sz, S4, S5, Si, Si0. For
convenience, we reorder the solution indexes by setting RS :{SI,SZ,S3,S4,S5,S6} as
illustrated in Table 7.

Solution Routes Cost
S1 065131403411101202091870 92,48
S2 020341806513140711910120 92,51
S3 0843071119100201256013140 96,84
S4 051210940731413020811160 111,52
S5 020345069870111101214130 109,67
S6 010911870650431413021120 107,74

Table 7. Initial reference set.
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It is important to note that a balance between intensification and diversification is
achieved by an evaluation criterion that causes the highest-evaluated solutions
considered for the reference to include qualities other than a “good” (small) objective
function value. Solution So with a cost of 102.11 is by-passed in favor of other solutions
that will add more diversity to the set. As indicated in Table 6, the distance between So
to solutions in the reference set are relatively lower, making this solution unattractive
from the standpoint of diversification.

Scatter Search Phase
Subset Generation Method

This method consists of generating subsets of reference solutions to create structured
combinations in the next step. The method is typically designed to organize subsets of
solutions to cover different promising regions of the solution space. In a spatial
representation, the convex-hull of each subset delimits the solution space in subregions
containing all possible convex combinations of solutions in the subset. In order to
achieve a suitable intensification and diversification of the solution space, three types of
subsets are required to be organized:

1) subsets containing only solutions in B,
2) subsets with only solutions in D, and
3) subsets mixing in solutions in B and D in different proportions.

Subsets defined by solutions of type 1 are conceived to intensify the search in regions
of high-quality solutions while subsets of type 2 are created to diversify the search to
unexplored regions. Finally, subsets of type 3 integrate both high-quality and diverse
solutions with the aim of exploiting solutions across these two types of subregions.

Again, adaptive memory can be used to appropriately define combined rules for
clustering elements in the various types of subsets. This has the advantage of
incorporating additional information about the search space and problem context.

Since the use of sophisticated memory features is beyond the scope of this study, we
consider a simpler yet systematic procedure to generate the following types of subsets:

1) All 2-element subsets.

2) 3-element subsets derived from two element subsets by augmenting each 2-
element subset to include the best solution (as measured by the objective
function value) not in this subset.

3) 4-element subsets derived from the 3-elelement subsets by augmenting each 3-
element subset to include the best solution (as measured by the objective
function value) not in this subset.

4) The subsets consisting of the best b elements (as measured by the objective

function value), for b=35,..., B| .

Table 8 shows the subset generated using the current reference set.

Type Subsets

1 (S1, S2), (S1, S3), (S1, S4), (S1, S5), (S1, S6), (S2, S3), (S2, S4), (S2, S5), (S2, S6), (S3, S4), (S3, S5), (S3,
S6), (S4, S5), (S4, S6), (S5, S6)

2 (S1, S2, S3), (S1, S2, S4), (S1, S2, S5), (S1, S2, S6), (S1, S3, S4), (S1, S3, S5), (S1, S3, S6), (S1, S4, S5),
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(S1, 54, S6), (S1, S5, S6)

3 | (S1, S2, S3, S4), (S1, S2, S3, S5), (S1, S2, S3, S6), (S1, S2, S4, S5), (S1, S2, 54, S6), (S1, S2, S5, S6);

4 (S1, S2, S3, S5, S6), (S1, S2, S3, S4, S5, S6)

Table 8. Subset generation

Subsets of type 1 are the fifteen possible combinations of two solutions. For type 2
subsets, we start by adding solution Ss to the subset (S:;, Sz2). Then since adding
solution Sz to the subset (S2, S3) leads to a repeated subset, the procedure jumps to the
next subset, adding Sz to the subset (Si, S4), and so forth. Type 3 subsets are created in
a similar way, now starting by adding solution S to the subset (Si, S2, Ssz). Finally,
subsets of type 3 consist of successively adding solutions Ss and S: to subsets
(S1,S2,S3,S6) and (S1,S2,S3,Ss,Ss).

Solution Combination Method

This method is designed to explore subregions within the convex-hull of the reference
set. We consider solutions encoded as vectors of variables x;representing edges

(v;,v;). New solutions are generated by weighted linear combinations which are

structured by the subsets defined in the last step. In order to restrict the number of
solutions only one solution is generated in each subset by a convex linear combination

defined as follows. Let E be a subset defined in RS, E| =r, and let H(E) denote the

convex-hull of E. We generate solutions SOH(E) represented as

where the multiplier A, represents the weight assigned to solution S:. We compute these
multipliers by

C(S:)

At:#
ZC(St)

t=1

so that the better (lower cost) solutions receive higher weight than less attractive (higher
cost) solutions. Then, we calculate the score of each variable x; relative to the solutions

in E by computing

score(x;;) = Zr:(/\txig)
t=1

where xi; means that x;is an edge in the solution S,. Finally as variables are required

to be binary, the value is obtained by rounding its score to give x; = |_score( xii) + .SJ. The

computation of the value for each variable in E results in the linear combination of the
solutions in E. Table 9 shows the computation of the linear combination of solutions Si,
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Sz, S3, and Ss in the initial reference set illustrated in Table 8. For the sake of simplicity
only edges that appear in at least one solution are represented in the table, since the
remaining variables correspond to x; =0.

Solution S Sz Ss Sa
At 0,2643 0,2642 0,2524 0,2191
Edges score(xj) Xij
(1,4) 0,2642 0,2642 0
(1,7) 0,2524 0,2524 0
(1,8) 0,2643 0,2642 0,2191 0,7476 1
(1,9 0,2643 0,2643 0
(1,11) 0,2524 0,2191 0,4715 0
(2,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1
(3,0) 0,2643 0,2642 0,2524 0,7809 1
(3,4) 0,2643 0,2642 0,2524 0,7809 1
3,7) 0,2191 0,2191 0
(3,14) 0,2191 0,2191 0
4,0) 0,2191 0,2191 0
4,8) 0,2524 0,2524 0
4,9) 0,2191 0,2191 0
(4,11) 0,2643 0,2643 0
(5,0) 0,2191 0,2191 0
(5,6) 0,2643 0,2642 0,2524 0,7809 1
(5,12) 0,2524 0,2191 0,4715 0
(5,13) 0,2643 0,2642 0,5285 1
(6,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1
6,11) 0,2191 0,2191 0
(7,0) 0,2643 0,2642 0,2524 0,2191 1,0000 1
(7,8) 0,2643 0,2643 0
(7,11) 0,2642 0,2642 0
(8,0) 0,2642 0,2524 0,2191 0,7357 1
(9,0) 0,2643 0,2643 0
(9,10) 0,2642 0,2524 0,2191 0,7357 1
(9,11) 0,2642 0,2524 0,5166 1
(10,0) 0,2524 0,2524 0
(10,11) 0,2643 0,2643 0
(10,12) 0,2643 0,2642 0,2524 0,2191 1,0000 1
(12,0) 0,2643 0,2642 0,5285 1
(13,0) 0,2524 0,2191 0,4715 0
(13,14) 0,2643 0,2642 0,2524 0,2191 1,0000 1
(14,0) 0,2643 0,2642 0,5285 1

Table 9. Linear combinations of solution vectors

It is important to observe the effect of this weighting on the resulting solutions. As
previously intimated, the least cost solution S: has the largest weight in the
combination. Also, note that both edges (5,12) and (5,13) appear in two solutions,
though only the variable x5;; is considered for the resulting solution.

A new solution can now be created using the edges associated with variables x; =1.

Nevertheless, the set of these edges does not necessarily (and usually doesn’t) represent
a feasible graph structure for a VRP solution. Instead, it produces a subgraph
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containing vertices with a degree different than two. Such subgraphs can be viewed as
fragments of solutions (or partial routes). For example, the previous linear combination
produced the following solution fragments: (1,8,0), (2,0), (0,3,4) (0,6,5,13,14,0),
(0,11,9,10,12,0), and (7,0). To create a feasible solution subgraph we can simply link
vertices 1, 2, 4, and 7 (which have a degree equal to 1) directly to the depot. This has
the advantage that the algorithm always deals with feasible structures. However, it is
also possible that the subgraph resulting from a linear combination contains vertices of
degree greater than two. In these cases, a very straightforward technique consists of
successively dropping edges with the smallest scores, from among those incident at
these vertices, until the degree of each vertex becomes equal to two. By doing so, the
subgraph obtained will be either feasible or fall into the case where some of the vertices
have degree 1, which can be handled as already indicated.

Improvement Method

Even though the solution combination method creates feasible subgraphs for the VRP,
the solution may still not be feasible in relation to the other problem constraints.
Therefore, the improvement method must be able to deal with infeasible solutions. As
already noted, the solution combination method has generated 33 new solutions (one
per each subset). Let Cj, ...,Cs3 denote these solutions indexed by the order they appear
in Table 8. In the whole set, combinations Cos, ..., C31 and Cs3 repeat previously
generated solutions, so we first drop these solutions before applying the improvement
method. The relatively high rate of repeated solutions results from the fact that the
example deals with a very small instance. However, some number of repeated solutions
may still be expected to appear when solving more realistic problems. Thus, it is
valuable to have a fast procedure to identify repeated solutions which can be achieved
in this context by using an appropriate hash function.

Table 10 shows an example of the improvement method applied to solution C;2 where
the local optimum Cj, is found after 3 iterations. This is the same improvement method

used in the initial phase of the scatter search algorithm, though the illustration shows
how the method deals with infeasible solutions.

The method works in two stages. The first stage is concerned with making the solution
feasible while choosing the most favorable move (relative to the objective function cost),
and the second stage is the improvement process that operates only on feasible
solutions. In general, several variants can be used to deal with infeasible solutions.
These techniques are usually based on varying certain penalty factors associated with
the problem constraints. Some constraints are potentially “less damaging” when
violated than others, and usually the choice of penalty values should take this into
consideration. Also, the way these penalties are modified can make the search more or
less aggressive for moving into the feasible region. High penalty values are usually
employed for an intensification strategy, and lower values for a diversification approach
that allows the search keep going longer in the infeasible region. An interplay between
intensification and diversification can be carried out by changing penalties according to
certain patterns. For example, such patterns can be based on critical event memory
within a strategic oscillation approach as suggested in tabu search. As previously
noted, different balances between intensification and diversification of the search can
also be controlled in the construction of the reference set, and in the solution
combination method (as by considering non-convex linear combinations to extrapolate
to solutions outside the convex hull of a subset). Our illustrative method, however,
doesn’t use a penalty factor but rather identifies the most violated route and makes the
best (cost reducing) move that consists of removing a vertex from this route and feasibly
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inserting it in another route. It is possible that an additional route will be created if
such a move is not possible or if all routes are over their capacity.

Solution
Iteration k R Qx C(Rx) C(C12)
Initial 1 071119100 28 19,58
Solution 2 020 20 21,63
Cio 3 013143480 35 37,00
4 0560 19 9,36
5 0120 3 17,02 104,607
Iteration 1 Drop vertex 14 from R; and insert it into Rz
1 071119100 28 19,58
2 02140 27 32,32
3 0133480 28 29,94
4 0560 19 9,36
5 0120 3 17,02 108,23
Iteration 2 Drop vertex 12 from Rs and insert it into R4
1 071119100 28 19,58
2 02140 27 32,32
3 0133480 28 29,94
4 012560 22 18,37 100,21
Iteration 3 Drop vertex 13 from R; and insert it into Ra:
Final 1 071119100 28 19,58
Solution 2 02140 27 32,32
C;Q 3 03480 24 20,72
4 01256130 26 22,79 95,41

t infeasible solution, Q3 = 35 = Q=30

Table 10. Improving Method

A graphic representation of the procedure is illustrated in Figure 3.
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Figure 3. Graphical illustration of the improvement method

In our example, we apply the improving method to all the remaining (non-repeated)
solutions to obtain a set of improved solutions. The best solution results from the
improvement of Cis associated with a combination involving subset (S1,S2,S3) . Ci6 is the
solution (0,1,8,0,2,0,3,4,0,6,5,13,14,0,7,0,12,10,9,11,0) with cost C(C;s)=115.94, which
is transformed by the improvement method into the solution S;s with cost C(S;)=91.01.
We have also solved the problem using an exact method (which requires substantially
greater computation time, even for this simple example, an verify that S;s is in fact the
optimal solution. This solution is illustrated in Figure 4.

C(R,)=21,63
Q,=20

C(R,)=20,92
Q,=30

C(R,)=20,44
Q=25

C(R,)=28,02
Q,=30
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Figure 4. Final solution

In the absence of external confirmation that an optimal solution has been found, the
method could continue to iterate in the scatter search phase by updating the reference
set in the same way as in the initial phase. In this succeeding phase, however, the
current reference set and the solutions produced by the improving method are all
considered together before determining the new B and D sets that will form the updated
reference set for the next iteration. The method stops when no elements in the current
reference are replaced (i.e. when the reference set has not changed in two successive
iterations).

5. Summary and conclusion

We have developed a scatter search template for circuit-based graph problems and have
shown its application to the classical vehicle routing problem under -capacity
restrictions.

Our intention was not to provide a computational exploration of scatter search. Rather,
the numerous recent studies demonstrating the computational and practical efficacy of
the approach provided one of the key motivations for the present paper. Another
primary motivation for this tutorial paper was the fact that, in spite of its growing
applications, scatter search has not yet been described in a step by step manner in
application to the routing context, accompanied by a detailed numerical illustration. For
this reason, the access to applying the method to routing problems is undoubtedly
somewhat less than it might otherwise be, and the amount of effort to launch a new
scatter search study in this domain is also accordingly somewhat greater than would be
necessary, due to the need to digest the elements of the method apart from an
illustrated presentation of their nature and relevance.

The illustrative example used to demonstrate the scatter search provides a new
evolutionary approach and a general framework for designing scatter search algorithms
for vehicle routing. Moreover, because the problem constraints are handled separately
from the solution generation procedures, and are therefore independent of the problem
context, our scatter search design can be directly used to solve other classes of vehicle
routing problems by applying any domain-specific (local search) heuristic that is able to
start from infeasible solutions.

Finally, our illustrative approach affords various possibilities for using adaptive memory
programming as a basis for creating effective scatter search algorithms for solving
practical instances. In particular, we show the relevance of using memory to
dynamically modify weights in the solution and to introduce an appropriate balance
between intensification and diversification of the search.
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Appendix

Table 1 shows the data of the problem used along this tutorial. The depot is represented
by index 0, therefore g,is set to be zero.

Ui Xi Yi F
0 11,5 14,4 0
1 5,8 9,0 6
2 5,5 23,4 20
3 3,5 12,7 9
4 2,3 11,3 8
5 14,9 11,4 9
6 14,3 13,0 10
7 7,6 11,1 8
8 6,5 10,4 7
9 6,8 8,5 5
10 8,6 8,7 5
11 5,5 7,3 4
12 14,4 6,4 3
13 16,0 15,4 4
14 18,2 18,7 7

Table 1. Problem data for the VRP instance
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Figure 1. Spatial distribution of the problem vertices
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